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Abstract—In this paper, we present a novel algorithm to
solve the Boolean Satisfiability (SAT) problem, using noiseased
logic (NBL). Contrary to what the name may suggest, NBL is
not a random/fuzzy logic system. In fact, it is a completely
deterministic logic system. A key property of NBL is that it
allows us to apply a superposition of many input vectors to a
SAT instance at the same time, circumventing a key restrictin
and assumption in the traditional approach to solving SAT.
By exploiting the superposition property of NBL, our NBL-
based SAT algorithm can determine whether an instance is
SAT or not in a single operation. A satisfying solution can be
found by iteratively performing SAT check operations up to n
times, wheren is the number of variables in the SAT instance.
Although this paper does not focus on the realization of an
NBL-based SAT engine, such an engine can be conceived using
analog circuits (wide-band amplifiers, adders and multiplers),
FPGAs or ASICs. Additionally, we also discus scalability of
our approach, which can apply to NBL in general. The NBL-
based SAT engine described in this paper has been simulated i
software for validation purposes.

|. INTRODUCTION

Boolean Satisfiability (SAT) [1] is a core NP-complete
problem which has been studied extensively. Given &/seft
variables f in all), and a collectiorC of Conjunctive Normal
Form (CNF) clauses ove¥Y (m in all), the SAT problem
consists of determining if there is a satisfying truth assignt
for C, and returning this truth assignment. The CNF expression
C is referred to as AT instancelf no satisfying assignment
exists,C is referred to as annsatisfiable instance

The applicability of SAT to several problem domains such
as logic synthesis, formal verification, circuit testingttern
recognition and others [2] has resulted in much effort dedot
to devising efficient heuristics to solve SAT. Some of the enor
well-known complete approaches for SAT include [3], [4],
[5], [6] and [7]. In addition, several incomplete or stoct@as
heuristics have been developed as well. A partial list of¢he
are [8], [9], [10], [11], [12]. The complete approaches seek
to find a satisfying solution (or to prove that none exists) by
heuristically assigning a logic variable of the problem 1g ”

or "0". By analyzing the consequences of such an assignment,

a new variable is assigned, or a previously assigned variabl
is backtracked upon. This is continued uiilis satisfied, or
the search space is exhausted (in which dasse proven to

be unsatisfiable)

Recently, it was shown that noise can be used to realize
logic circuits [13], [14], [15]. We refer to this logic schenas
Noise-based Logic (NBL) in the sequel. In NBL, a plurality of
pairwise uncorrelated noise sources (referred toaise bity

are utilized. Each such noise source has zero mean, and all
the sources have the same RMS value (assumed to be zero).

It is important to point out that NBL is deterministic logic
scheme andnot fuzzy or probabilistic in nature. NBL can be
utilized to realize multi-valued logic as well [15], [16].

The orthogonality property of the noise bits yields some
powerful properties:

« Starting with 2 pairwise orthogonal basis noise sources,
we can create a noise hyperspace of cardinalityb®
appropriately multiplying these noise sources [15]. On a
single wire, the additive superposition of any subset of
this hyperspace can be transmitted, and this yields a total
of 22" possible logic values that can be transmitted on
the wire. In effect the wire behaves lik8 @ires carrying
binary valued signals.

« In addition, we can apply all possible inputs toramput
NBL circuit simultaneously Consider a combinational
circuit with n inputs xq,Xo, - - - X,. For each input;, let
us assume we have a noise source (noise Mit)to
represent th& literal, and a noise sourdé, to represent
the x; literal. Hence, for 1< i < n, we may apply the
input (N, + Nx) to the it" input of the circuit. This in
effect means that we appliel 2" inputs to the circuit
simultaneouslyWe will see how this ends up being very
important in SectiofTlI.

In this paper, we present an approach to solve the SAT
problem utilizing NBL. The resulting approach can provide a
SAT/UNSAT decision in a single operation, and can provide a
satisfying input vector in a number of such operations which
is linear inn. This is possible because NBL allows us to
apply all 2" inputs to the circuitsimultaneously Although
no NBL circuits exist today, realizing the NBL-SAT solution
approach of our paper would require widely studied, and
ubiquitously available circuit components such as wideban
amplifiers, analog adders and analog multipliers and logspa
filters. NBL-SAT may be implemented on FPGAs or ASICs
as well. We hope that the result of this paper will encourage
development of NBL circuits.

Before we list the contributions of this paper, we would like
to reiterate that the NBL used in this paper is not probatilis
or fuzzy. Rather it is completely deterministic logic scleem
So the claims made in this paper are not probabilistic oryfuzz
but are completely deterministic.

The key contributions of this paper are:

« We show how NBL can solve the SAT problem. The
resulting algorithm can determine if a problem is SAT or
UNSAT in one operation, and can provide a satisfying as-
signment inn operations, whera is number of variables
in the SAT problem.

« Although the focus of this paper is not to provide concrete
realizations of the NBL based SAT algorithm, we show
that such realizations are imminently realizable with
existing technology

— A hardware based NBL-SAT solver requires com-
monly available hardware components such as wide-
band amplifiers, analog multipliers, analog adders,
and low-pass filters, or even FPGAs or ASICs.

— A software based NBL-SAT solver can be envi-
sioned. Initial proof-of-correctness simulations of
our algorithm were done on a MATLAB based
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realization of our algorithm. A. Definitions

— Alternative realizations of NBL-SAT can be en-
visioned using sinusoidal signals [16] or Random
Telegraph Waves [17].

The remainder of this paper is organized as follows. Sec-
tion [ discusses some previous work in this area. In Sec-
tion[[lMlwe describe our approach to solving the SAT problem
using NBL. Section IV presents experimental results from
a MATLAB based simulation which validates our approach.
Section V¥ discusses possible realizations of NBL-SAT, #hil
conclusions are discussed in Secfion VI.

Definition 1: A literal or a literal function is a binary
variablex or its negatiork.

Definition 2: A cube is a conjunction (AND) of one or
more literal functions, i.ex;xoXs.

Definition 3: A clauseis a disjunction (OR) of one or more
literal functions, i.e.(x1 + X2).

Definition 4: A Conjunctive Normal Form (CNF) for-
mula consists of a conjunction af clausesc, c;...cn. Each
clausec; consists of the disjunction d§ literals.

Definition 5: A CNF formula is said to beatisfiedif each

Il. PREVIOUS WORK of the m clauses of the CNF formula simultaneously evaluate

The idea of noise based logic was recently developed, andto true.
initially described in [13]. In [14], the concept of NBL was A CNF formula is also referred to as a logical product of
extended to multi-valued signals as well, and it was shown sums. Thus, tsatisfythe CNF formula, at least one literal in
that sinusoidal tones could be used instead of uncorrelatedeach clause must evaluatettoe.
noise signals, as the information carriers. The idea ofgusin  Definition 6: Boolean Satisfiability (SAT): Given a
an additive superposition of noise bits to generate a noise-Boolean formulaS on a set of binary variableX =
based hyperspace idea was presented in [15]. Starting with 2 {X1,%2,%3---Xn}, expressed in Conjunctive Normal Form
basis noise sources, it was shown how one could construct{CNF), the objective of SAT is to identify an assignment of
a hyperspace of 2noise sources using a linear number of the binary variables iiX that satisfiesS. If no such assignment
additions and multiplications. By an additive superpositof exists, this should be indicated.
any subset of this hyperspace, it was shown how a single For example, consider the formuiix;, X2, X3) = (X1 4+ %2) -
wire could carry as many as*2symbols in it, effectively (x, 1 x,+xg). This formula consists of 3 variables, 2 clauses,
accomplishing the task of*2vinary-valued wires. and 4 literals. This particular formula is satisfiable, and a

Several derivative papers [18], [19], [17] of these works satisfying assignment is< x1,X2,x3 >=< 0,0,1 >, which
developed the idea of noise based logic further, using pulsecan pe expressed as the satisfying c&@Exs. The CNF
based [18], [19] or Random Telegraph Wave (RTW) [17] based expressionS is often referred to as SAT instancein the
signals. A VLSI implementation of NBL (using sinusoidal |iterature.
signals as information carriers) was presented in [16]hls t SAT is one of the most well known NP-complete problems.
paper, the specialized and restricted version of NBL used pg such, therefore, there are no known polynomial time
sinusoids. In particular the logic 1 and logic 0 signals were 4gorithms to solve SAT. Note that the definition of NP-
chosen to be anti-correlated, in order to mimic binary logic completeness is premised on the assumption that a Universal
and defmonsftrqte the viability of the approac_h. It was sho_wn Turing Machine (UTM) is used to perform operations to
that with existing MOSFETSs, one can realize gates using solye the decision proble@. In this paper, we sidestep this
sinusoidal logic. To the best of the authors’ knowledgetehe articular assumption. In particular, using NBL to solveTSA
has bee_n no effort to date, to realize true NBL gates or (I_'E_rcui we are able to apply a superpositionaf inputs (candidate

Just like NBL, quantum computers have the capability of gq|ytions) to the problem instance. This superpositioperty
applying a superposition of input values to a quantum dircui  4jj0ws us to verify all solutions simultaneously to detereni
In the past, there has been work in the realm of quantum cOM-i {he problem is satisfiable (or not) in a single operatiand a
puting [20], [21], [22] focusing on solving SAT on quantum it gatisfiable, to provide a satisfying solution in a numbér o
computers. There are some precise dn‘ferenc;es penm_eea thesoperations that is linear in.
papers and the NBL based SAT engine described in this paper: "¢ remainder of this sub-section presents some definitions

« In contrast to our approach, [20], [21], [22] only solve pertaining to Noise-based Logic (NBL).

the problem of determining whether a SAT instance ' pefinition 7: Independent Noise Processe€onsider two
is satisfiable or unsatisfiable. Our approach, over and 5ise processe¥;(t) and Vj(t). These noise processes are

above that of [20], [21], [22], provides aalgorithm 10 jngependent iff the correlation operatdrapplied tovi(t) and
determine the satisfying assignment (if one exists) usmgvj (t) yields

a linear number of NBL-SAT checks MOV (t) = 51
« Also, our NBL based SAT algorithm is realizable using A o o
o) o U : where §; j is the Kronecker symbold; = 1 wheni = j,
existing ubiquitous circuit components (such as wide- ’ . d
andd; j = 0 otherwise.

band amplifiers, analog adders, analog multipliers and S ) . . .
filters). In contrast, the field of quantum computing is c DefgutlonMS. Bas!s (Reference) N\(/)'Ste \l/j r(t)cesse\f (tB'tS)'
extremely young, without the ability to realize even Ifontsr:e(se(ra noise  processes Vi( )’.Zé)""a ME )- h
medium sized quantum circuits, severely hampering the processes are pairwise independent, en
applicability of the quantum SAT algorithm of [20], [21], Va(t),Va(t),--- ,\Vm(t) are referred to as basis (reference)
[22]. noise processes (bits). _ _
For convenience, we assume that all the noise processes in
[1l. OUR APPROACH the sequel have a zero mean, and a zero RMS value.
Before discussing our NBL-SAT algorithm, we first provide ~ Consider two orthogonal basis noise bitgt) and Vj(t)
definitions related to topics of Boolean Satisfiability, NP- (i # j). The productz; j(t) = Vi(t) - Vj(t) of two orthogonal
completeness, and Noise-based Logic. basis noise bits is orthogonal YQ(t) (k=1,2,---,M). This



property was used [15] to realizda@gic hyperspace In other
words,

(Zij(t),W() =0

Definition 9: Noise-based Logic Hyperspacetsing 2V
basis noise bit&/?(t), Vi (1), --VA(t),Vi(t), we can compute
a noise hyperspacg with dimensionality ¥, by multiplying
these noise bits appropriately, and performing their adxdit
superposition as follows:

VE() V(1) Vip_a (t) +

VL) -V2(1) - Vig_a(t) +
VL) V3 () Vi g (D)

Example 1. Consider four orthogonal basis noise bits

VR(t),VE(t),V2(t),V4(t). The noise-based Iogic hyperspace
consists of four hyperspace elemem$(t) - V2(t), VO(t) -

V3 (1), Vi () V2 (1), Vi) V3 (1)

H

TX1 — (I\F NX2 ’ NX3> +
(N~ Neg - Nig)

Thus Ty is the additive superposition of all the minterms
in the cube subspacq.

Using the construction of andT, subspace above, we now
discuss our NBL-SAT algorithm.

C. SAT to NBL-SAT Transformation

In this subsection, we described the process of transfgrmin
a SAT decision probler8into an equivalent NBL formul&y.
Consider a decision problem expressed as a GN#th m
clauses $=c1-Cz---Ccp) on a set of binary variableX =
(X1,X%2,- -+ ,%Xn). We would like to determine i§is satisfiable,
and if so, find a satisfying assignmef; is comprised of the
product of 2 sets of clauseg, and %y, wherety contains
all 2" valid minterms for the instanc8, while Xy contains
all satisfying minterms foiS. These clauses are discussed in

(Nig - Ny - Nig) + (Ni - N - Ny ) +

The power of the noise-based hyperspace is evidenceddetail in the following.

by the fact that starting fromM basis noise sources, we
can construct a hyperspace of siz¥.2Now an additive

superposition of any subset of elements from this hypeespac literal of each variablex;,xp,- -,

can be transmitted along a wire.

For each clause;j, we create & independent basis noise
sources which are used to represent the positive and negativ
xv. Let N{ be the noise
source corresponding to literal in clausec;, andN{T be the

In the remainder of this paper, we will refer to noise sources noise source corresponding to liteslin clausec;. In total,

asN instead ofN(t).

B. Generating al2" Minterms in an NBL Additive Superpo-
sition

Before we describe our NBL based SAT algorithm, we first
discuss a means of constructing the additive superpogifion
all input vectors for a problem [15].

Consider a problem onn binary valued variables
X1,X%2,- -+ ,Xn. FOr each variable;, we define two basis noise
sourcesNy, and Ny, for the negative and positive literals xf
respectively. This requires a total oh dasis noise sources.
Now, we can construct the product

T:(NX1+NXI)'(NX2+NXE)"'(NXn+NXE) (1)

If T were expanded out, it is easy to see tfatis the
additive superposition of 2products of basis noise sources.
Each product corresponds to a noise-based minterm on the
variable space.

Example 3: Supposen = 3. Then, ifT were expanded out,
we get

(le NXz'NX3)+(NX1 NXz NT) (NX1'NX§'NX3)+(NX1'
'\xFZ Niz) + (Nxz - Nz - Ny ) 4 (Nig - Ny, - Nig) 4 (N - Nig - Ny ) +
(N - Niz - Ni)

we create Binindependent basis noise sources as therenare
clauses, each requiringhhoise sources. Note that the noise
sources are independent across clauses, such that thecprodu
of any noise (for any variablg, andxg) from clauses; and

ok where j # k has a zero mearNﬁ N§, = 0).

Construction of ty: First we construct the noise hyper-
spacety which contains all 2 valid minterms to be applied
to the SAT instancey. The hyperspacey is constructed
following Equatior[1, except the two basis noise soufdgs
and Ng- for literals x| andX; are replaced with the products
NgNZ-- NP and NENZ--- N respectively. These products
correspond to the product of noise sources for literaland
X respectively, used in all clauses .

o= ((NLNZ - NT)+ (NENZ - N))
((NENZ - NDY 4 (NENZ - NT))
(NG NG NP+ (NGNZ--NDY) ()

Construction of Xy: Now we construct the NBL-based
SAT instance>y from the SAT instanceS by replacing the
positive literal of variablev in clausec; by cube subspace

T/, and the negative literal of variablein clausec; by noise
sourceTJ By binding the the variable to the literal value,

In otherwords using Equatigh 1, we are able to generate thethe cube subspac’ﬁ) or TJ is an additive superposition of

additive superposition of all"2minterms of the binary space.

minterms containing the Irteral value which satisfies otaus

This is generated with a linear number of noise sources, andc;.

a linear number of analog adders and multipliers.
An important variation of the above idea is that we can
bind a subset of variables to any literal valueTirabove, and

Example 5: Consider the CNF formul&=c;-cy-C3-C4 =
(X1) - (X2 +X3) - (X1 +X3) - (X1 +X2+X3). The NBL-SAT instance
2N is as follows:

generate an additive superposition of the minterms that are Iy = (Tg) (T2 +T2) (Te +T) - (Tg + T+ T¢)

in the cube subspace of the bound variables. In other words,

suppose we bind variableS= {X;, X1, - ,Xi+p-1} to literals
li,lit1,---,liyp-1 respectively, where < n, then we generate
the additive superposition of all minterms in the cube sabsp
li -l -liv2- - livpo1.

Example 4: In Example 3, if we bind variablg; to literal
X1, thenTyg = (Nxg+0) - (Nx, +Nxz) - - - (Nx, + Nigz). If T were
expanded out, we would get

When ZN is expanded out, the noise vectors for minterms
from each clause form products with noise vectors of mingerm
from all other clauses. A valid satisfying minterm fag
would be such that its final noise product contains a prodict o
noise vectors from all clauses that represent the samenminte
All other combination of noise vectors are logically ineali

Consider a SAT formul& where number of variables and
clauses aren = 2 andm = 2 respectively. An example of a



valid noise-based minterm is: The minterms; X2, X1 X2 exist in all clauses, which will have

NE N2 NLN2Z the noise productsl N2 NE N2 NLNZNLNZ respectively in
X1 X1 R X 10X X R XL X R X
which corresponds to the minterraXz of S. An example N-
of an invalid noise-based minterm is: The valid minterm hyperspaag, is as follows:
N NXAN):(LZNEZ IN= (N%1N>%1 + N%TN%) ( lZN)%Z * N’%?N%z>
Which cprrespond_s_, to the terra Xqxe of S. _ o W = N. NglN)}szz 4 N)%lN)%lN)%_ZNE i N)}_le_lN)}szz 4
ThusXy is the additive superposition of all valid (satisfying) N%_NXZ_N%_NXZi
1 A1 A2

and invalid minterms of the SAT instance. Sintg only The noisze products for the mintermgs, XiXs exist
contains all valid minterms as shown in Equatigh 2, the in both ¥y and Ty. The resultSy = Ty - =y Will be the

product ofty -2y is the additive superposition of the self-  aqgitive superposition of the self-correlation of these twise

correlatiop of eaph of _the valid.minterms.. The average yalue products andsy will thus have a positive average, concluding
of Ty -2 is zero if the instanc&is unsatisfiable, and positive iy example as satisfiable.

if the instanceS|is satisfiable. Example 7: Consider the CNF formul§= (x1)- (X7). The
D. Satisfiability Check using NBL-SAT NBL-SAT ilnstanzce is as follows:

Algorithm[J] describes the procedure for a single operation Zn = (Ty) '.(Tﬁ). . _
satisfiability checking using NBL-SAT. After formulationf o By expandingfy to show the minterms and noise products:
NBL-SAT =y and hyperspacey, the check for satisfiability In = NN .
is done with an observation & = Ty - 3. If Sy has a zero The valid minterm hyperspace is as follows:
average, then we concludis unsatisfiable. If on the other In= N%_lel‘FN%INsz
hand,Sy has a positive average value, thiis satisfiable. The noise vectors ity andty are orthogonal as they do

not contain any common minterms. The resB{it= 1ty - 2n
Algorithm 1 Pseudocode of NBL-SAT checker will have a zero average, concluding that this example is

X unsatisfiable.

; g“B}_ (TSNA,TiS;eCKS\') Theorem 3.1:f the product of the NBL-SAT instance
3: if Sy output has a zero averagieen >N and hyperspacey produces a zero average, th&n=

4:  return@is unsatisfiable) f(X1,%2,--- ,Xm) iS unsatisfiable. Proof: If a subset of
5: else clauses{cj,cjt1, - ,c} in Sare unsatisfiable, then there are
33 en:ﬁ?”‘@ is satisfiable) no common minterms amorgy, Cja1ree As such, the cor-

responding noise vecto,Zi*1 ... 7K which contain the
) ) _ . additive superposition of minterms that satisfycj1,---,c«
The key to the single operation SAT check achieved by this respectively, will form a superposition of logically inil

algorithm are the superposition and correlation properi®  nsise minterms (i.eN) N)%)_ As Ty contains only valid
the noise basis sources. By, each clausej contains any  minterms by constructiorsy and ty will be uncorrelated,
number of cube subspac@&g. The disjunction of all theT, and the producty - =y will produce a zero average outpull

in clausec; result in a new noise vectat!. ThusZ! is the Note that two key observations can be made at this stage:
additive superposition of all noise-based minterms thasfya « Applying the test of Theoref3.1 allows us to determine
clausecj. HenceZy includes the additive superposition of all if Sis SAT with a single operation.

noise-based minterms that satisly Multiplying Zn with Ty « The reason why we are able to perform the SAT check
simply yields the additive superposition of the self caatien with a single operation is that we are able to effectively

of the noise-based minterms &f _ and simultaneously apply all minterms to the NBL-
The output oz is the conjunction (product) of all’ noise SAT instance, since each of the minterms in NBL are

vectors from the clauses. We recall that the product of two orthogonal basis noise vectors. This is not possible in
mdgpendent noise sources is 0. As is the additive super- traditional SAT solvers.

position of valid minterms fof5, then the producty -2y =0

only in the case wher&y and ty do not share any noise E. Algorithm to Determine Satisfying Assignment using NBL-
vectors, and hence, no minterm exists2ig that correlates SAT

to any of the valid minterms imy. If Sy =0 or has a zero Algorithm[2 describes the NBL-SAT procedure to determine
average, then there is no valid minterm that exists acrdss al the satisfying assignment for a SAT instar®dt is assumed
clauses and we concludis unsatisfiable (line 4). that Algorithmi has been run and has shdtn be satisfiable

However, if Xy and Ty contain common minterm(s), the  pefore Algorithni2 is invoked.
product of the noise vectors results in a positive average fo  aAlgorithm [2 starts by initializing the result tg (line 2).
Sv. Then ifty -2y has a positive DC offset, we can conclude \we jterate over alh variables of the problem (line 3). In the
a common satisfying minterm exists across all clauses (linejth jteration, we take the current reduced hyperspageand

6). . . ) ) bind the variablex; to 1 (line 4). By binding the variable
A demonstration of the algorithm is shown in Examples 6 x. to 1, we limit the reduced hyperspaa&d to contain

and 7. ) only valid minterms in thex; subspace. In essence, we are
_ Example 6: Consider the CNF formul@= (x1 +%2) - (X1 + testing to see whether the curr@g¢ has a satisfying solution
%2). The NBL-SAT instance is as follows: in the x; subspace. If the NBL-SAEheck of S¢9 returns
IN= (T +Tg) (G +Tg) "unsatisfiable”, then the solution is in tixesubspace (sincgy
By expandingTy to show the minterms: is known to be satisfiable a-priori, given that that Algomitfl

In = (NgNg + NENE + NENS) - (N2 N2+ NZNZ + has already been run). Hence we appgni the result (line

ZIN%) 7), and continue further processing after binding variable



Algorithm 2 Pseudocode of NBL-SAT satisfying assignment
determination
1: NBL— SAT._satis fyingassignmenideterminatioiSy)

2: Result=¢

3: fori=1tondo
red

4: 15" + (tn with variablex; bound to 1)

5- S\?d Tred ZN)

6: if NBL- SAT check@$Y) is unsatisfiablehen
7: Result+ ResultUx;

8: T « (tn with variablex; bound to 0)
9: else

10: Result+ ResultUx;

11:  endif

12 Ty T

13: end for

14: return Result

to O (line 8). IfZ[\?d is satisfiable, then the solution is in the
X; subspace, and we appeRrdto the result (line 10). Before
continuing the next iteration, we updatg with T (line 12),

to ensure that future iterations inherit the varlable bigdhat
was conducted in the current iteration. The result is finally
returned in line 14.

Example 8: Consider the SAT instance of Example 6,
S= (x1+%2) - (X +X2), which has been known to be satis-
fiable according to Algorithrall. The NBL-SAT formula is as
follows:

In = (NGNE + NENE + NEND) - (NN + NEN2
Neg

TN = (NG NZ +NENZ) - (NG N2 +NENZ)

SN=32n- TN

Iy contains two valid noise minterms; N2 NENZ,
l\xpll\XLlI\Ll\L which arex; Xz, X1 Xz respectively.

Now in the first iteration of Algorithni]2, we bind variable
x1 to 1 (line 4), yielding

red

,35%"
~—

i = (Nalla O (Nl 1 Mool
e _N N2 NG NZ + N NZ N NZ
S\(‘ad Tre

ThusS{\'fd has a positive average value as the noise minterm

Ni N2 NENZ exists in bothEy andti?. The NBL-SAT.check
WI|| return that S{\‘fd is satisfiable, anck1 is appended to the
(initially empty) result (line 7) and we updatg < Ti$¢.

In the second iteration, we bind variabig to 1, y|eld|ng
red

TNd - (’\:Il-l N2 +O) (N):(LZN)% + O)
TF\le NX1 NX1 NX2 NX2
ed _ N TR‘ed

The §§9 has a zero average value and the NBL-S#%eck
will return that qu is unsatisfiable, henc& is appended
to the final resultx;Xz (line 10) which is our satisfying
assignment for the example.

Note that Algorithm P yields a satisfying minterm. It can
be easily modified to return satisfying cubes. To do thisheac
iteration would bind a variable to both 1 and 0. If the
resultingS{\',sd outputs both have a positive average value, then
variablex; would be omitted from the result.

F. Scaling Issues

In order to discuss how NBL-SAT scales with the number
of variables and clauses, consider 3-SAT instances (intwhic
each clause has 3 literals) withvariables andn clauses. We
assume that each basis noise soulgg {s a uniform random
variable between [-0.5, 0.5]. Recall that the average vafue

Tn - 2N IS proportional to the number of satisfying minterms,
since such minterms are present in bothand Zy. Hence
the ability of NBL-SAT to discriminate between an instance
with one satisfying minterm and another instance which is
unsatisfiable needs to be considered. We define the SNR of
NBL-SAT as3 .

SNR = %2

whereyj is the expectation of the mean of the average value
of TN - Zn When there aré satisfying minterms, and; is the
expectation of the standard deviation of the average value o
Tn - 2N, When there aré satisfying minterms. Note thaty =
0. Assuming that there afd samples in each noise source,
we have:

= E(F2N, (M)

where x; is unlformIJy distributed within [-0.5, 0.5]. The
product is ovemm since there ar@m noise products in any
saltisfying minterm in NBL-SAT. Simplifying, we havg; =
(% nm

12Similarly, the unbiased estimate of the variance of the mean

of the product ofnm independent uniform distributions [23]
(overN samples) is given by? = NT( )2“"‘

Now the total number of products in a NBL-based 3-SAT
instance withn variables andn clauses ig2") - (2" — 2"—3)m
~ O(2"). The first term refers to the number of products of
TN, While the second term is the number of productgin
Since thesé(2"™) products are independent, their variances
will add up, and so we have; = Efo = \/ﬁ(llz)nm onm

For SNR>> 1, we can ignoreg; in the SNR expression,
yielding

Note that if it is known that the instance hEssatisfying
minterms, then the SNR expression above is multipliedby

IV. EXPERIMENTAL RESULTS

To validate our NBL-SAT algorithm, we simulated several
small NBL-SAT Sy instances and correspondifig hyper-
spaces in MATLAB. In our simulations, each basis noise
source (\I){i) is a uniform random variable between [-0.5, 0.5].
Each instance is simulated until the mean valueSgfhas
converged to the third significant digit or until &oise
samples have been reached. Our experiments focus on the
SAT checker from Algorithm 1, as the satisfying assignment
determination from Algorithm 2 simply consists of iterativ
applications of the SAT checker.

We use the following two examples, one unsatisfiable and
one satisfiable, to validate the correctness of our scheme.

UNSAT= (X1 +X2) - (X1 +X2) - (KT +X2) - (XT + X2)

Ssat= (X1 +%2) - (R +%2) - (X +%2) - (Xt +%2)

The first clause in our satisfiable example is redundant, but
brings the number of clauses to 4 and make th&y values
comparable with our unsatisfiable example which alsonhas
4. In Figurdl, the average mean value§gof both examples
are plotted as a function of number of noise samples.

V. REALIZING AN NBL-BASED SAT ENGINE

The NBL-based SAT algorithm is easily realized using
existing hardware and software based approaches. We devote
this section to a discussion on possible realizations.

A first observation we make in this regard is that instead
of using uncorrelated noise sources as the basis vectors, we
could utilize sinusoidal signals as the basis vectors [14],
[16]. Assuming that the highest frequency sinusoid reblza
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SAT approach, we show that the decision about whether an
instance is SAT or not can be made in a single operation, and
a satisfying solution can be found in linear number of such
operations. A key advantage of NBL-SAT algorithm is that
an NBL-based SAT engine can be easily implemented using
existing hardware and software. This paper also discubges t
scalability of NBL-SAT, and for NBL in general. Additiongll
NBL-SAT is not limited to noise and can be realized using
sinusoidal signals, pulse-based logic, and RTW-based.logi
Although no NBL style circuits have been developed to date,
we hope that the power of NBL will encourage work in the

S_MN mean
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Fig. 1. Sy mean for UNSAT and SAT instances

in today’s technology has a frequené&y, (typically in the

10s of GHz), and that all the basis sinusoids are equi- reglization of such circuits.

spaced with a frequency difference 6f between adjacent
sinusoids, we could realizE/f variables for the Sinusoid-
based Logic (SBL) SAT engine. Minimizinfywould be a key
design criterion, allowing us to implement a large number of
variables. A small value of would require the low-pass filters
of high order, yielding a more complex circuit. The tradeoff
of circuit complexity versus number of variables remains an
open exercise.

Using the above ideas, a hardware based NBL-based SAT
field-programmable engine can be envisioned as well. Such
an engine would have a plurality of adders (implementing
configurable clauses), multipliers (implementing the coi}
tion operation among the clauses), and noise sources (which[7
could potentially be made up of wideband amplifiers which 8]
amplify a resistor’'s thermal noise, or realized using pseud  [9]
random number generator). In an SBL based engine, on-chipi®
sinusoidal oscillators of different frequencies [24], [2R6] [11]
could be utilized. Such an engine would have an on-chip 12]
correlator block as well. Having such a reconfigurable emgin
would allow the user to load their specific SAT instance os thi 13l
engine, and run it using the algorithms described in Sefffibn

A natural extension to the hardware based NBL-based SAT (1]
engine is a hybrid approach using both CPU and a NBL-based
SAT coprocessor as in [27], [28], where in the primary (exact
SAT solver is implemented on the CPU, but the assignment
of variables is guided through the NBL-SAT coprocessor.
For example, we could iterate over all variables where each(17]
variable is bound to 1 and 0, and check in the NBL-SAT

[1]
2]

[l

[

[6]

[14]

[16]

coprocessor if the reduces) is satisfiable. As th&y mean el
is directly proportional to the number of satisfying mimtes, (1]
we choose the binding that results in the higt&stean, thus

potentially improving the efficiency of the CPU SAT solver [29
to find an assignment. [21]

Both the NBL-based SAT engine and the SBL based SAT ,

2
engine could be simulated in software. In both cases, the ad- ]

dition, multiplication and autocorrelation operationsulbbe (23]
performed in software. The adders, multipliers and cotoeta  [24]
could be implemented as analog blocks or digital blocks in
such a simulation based approach. [25]
VI. CONCLUSIONS 26]

Noise-based Logic (NBL) is a recently proposed approach
to realize logic circuits. NBL is actually deterministiclogic
system, contrary to what its name may suggest. Among its
most powerful features is the ability to apply all put
minterms to an-input circuit, simultaneously Using NBL,
we have presented a novel approach to solve the Boolean
Satisfiability (SAT) problem. By exploiting the superpamit
and correlation properties of noise basis sources in NBL, ou
approach circumvents a key assumption (and restriction) in
the traditional approach to solving SAT. In our NBL-based

[27]

[28]
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