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1 INTEGRATORS

In this section, we describe the various integrators we use to test the performance of our approach. Let x and v
be the nodal positions and velocities of the volumetric solid, and M be the constant mass matrix. Furthermore,
let f(x, v) be the force vector, and derivatives D = df /dv and K = df /dx be the damping and stiffness matrices,
respectively. Thus, the goal of each integrator is to compute the nodal positions x*1 given x(¥). After computing
x| we compute the nodal velocities v(¥*!) using the discretization scheme of the particular integrator.

1.1 BDF1

With BDF1 (1st-order Backward Differentiation Formula) [Hairer et al. 2006], we solve a nonlinear system to
advance the state from step k to k + 1:

My <+ = My®) 4 pfC+D) (1a)

xE+D) = 5 () py(keD), (1b)

where h is the time step. Solving Eq. 1b for v(¥*!) and plugging the result into Eq. 1a, we get the following
equation:

x4 = x84y (v 4 M) @)
We then multiply by M to get the following equation:

Mx ) = Mx®) + Mhv(®) 4 p2£ (kD) (3)
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for which we wish to find a root x**1), We do so using Newton’s Method. After some rearranging, the Newton
search direction for the nonlinear system becomes Ax; = —H;'g;, with

g =M (Xi(k+1) _x _ hv(k)) _ hzfi(k+1)

(4)
H=M- hD§k+1) _ h2K§k+l),
where i indicates the current iteration of the nonlinear solve.
1.2 Quasistatic
The quasistatic time stepper solves the nonlinear system
f(k+1) =0 (5)

at each time step, with time-varying boundary conditions or forces. The Newton search direction for the nonlinear
system is Ax; = -H;'g;, with

gi = —fl.(kﬂ) (6)
H, = _K§k+1).
1.3 BDF2

With BDF2 (2nd-order Backward Differentiation Formula) [Hairer et al. 2006], we solve a nonlinear system to
compute the state at k + 1 using the states at k — 1 and k:

My kD) — ‘_le(k) _ lMV(k—l) + zhf(kﬂ) (7a)
3 3 3
kD) ;_lx(k) _ %X(k—l) n ;hv(kﬂ). (7b)

Using a similar process to the one in §1.1, the Newton search direction for the nonlinear system becomes
AX,' = —Hi_lgi, with

g = M [x®0 Z A Lo J 8o 2yt ) A paptenn
i 3 3 9 9 o i

®)
H, = M — 2pp®+D _ & pagtern
3 ! 9 T

On the very first time step, we cannot use BDF2 since it requires solutions at two previous time steps. Instead,
we use SDIRK?2, described below, to start BDF2 [Nishikawa 2019].

1.4 SDIRK2

With SDIRK? (2nd-order Singly-Diagonal Implicit Runge-Kutta) [Alexander 1977], we solve two nonlinear systems
to advance the state from step k to k + 1:

Mv K+ = My 4 gpf(ra) (92)
xR+ = 50 4 gpylkre), (9b)
and
Mv D = Mv®) 4 (1 = @) hf k) 4 gpf kD) (10a)
x ) = 50 4 (1 = o)y KD 4 gy kD), (10b)
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where a = (2 — V2) /2. These two nonlinear systems are solved sequentially: first for x**® and then for x(k*1.
(The velocities can be computed from the positions using Egs. 9b and 10b.) Using the same process described in
§1.1, the Newton search direction for the first nonlinear system becomes Ax; = —Hl._1 gi, with

gf:M(ﬂ“”—xw”—MW“Q—ﬁmfﬂ“W

(11)
H; = M - ahD™ — (ah)?’K.
Similarly, for the second nonlinear system, we have
g =M (X§k+1) _x _ ﬁhv(k) _ th(km)) _ (ah)zfi(kﬂ)
(12)

H; = M - ahD™*Y — (ah)?’K*Y,
where f =20 —1andy =2 - 2a.

2 ITERATION PLOTS

We list here the detailed iteration plots of the simulations. Each figure represents a test scene. For example, the
rows of Fig. 1 correspond to the Young’s modulus that was varied for the BAR scene. In each row, the left plot is
the ND iterations, the middle plot is the QLF iterations, and the right plot is the QLB iterations. In all tests, the
nonlinear solvers were run to convergence with a tolerance of 1£-6 for absolute or relative residual.
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Fig. 1. Nonlinear iteration counts for the BAR scene with different Young’s
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Fig. 2. Nonlinear iteration counts for the BAR scene with different Poisson’s ratios. (Top) p = 0.42. (Bottom) p = 0.49 [default].
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BAr: Heterogeneity
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Fig. 3. Nonlinear iteration counts for the BAR scene with heterogeneity. (Top) with heterogeneity. (Bottom) without hetero-
geneity [default].
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Fig. 4. Nonlinear iteration counts for the BAR scene with anisotropy. (Top) with anisotropy. (Bottom) without anisotropy
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Fig. 5. Nonlinear iteration counts for the BAR scene with different integration schemes. (Top) BDF2 [default]. (Middle) BDF1.
(Bottom) Quasistatics.
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Fig. 6. Nonlinear iteration counts for the ARMA scene with different damping coefficients. (Top) damping = 0 [default].
(Bottom) damping = 1E2.
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ARMA: Material
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Fig. 8. Nonlinear iteration counts for the ARMA scene with different time steps. (Top) h = 5e-3. (Middle) h = 1e-2 [default].
(Bottom) h = 2e-2.
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Fig. 10. Nonlinear iteration counts for the Ducks scene. Blue is the first SDIRK2 solve, and red is the second.
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