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A Conceptual Model

We regard a system as consisting of inputs uq, up, ..., Uy,
outputs denoted yi, ¥, ..., ¥m, and internal or state variables
denoted by x1, xo, ..., X, . Using vector notation
)41 up X1
2 uz X2
y = u= | |[x:= (1)
Ym ur Xn

denote the m-output vector, r-input vector and n-state vector
respectively. For example, in a circuit y and u might represent
terminal voltages and input voltages and x the vector of internal
currents and voltages across all branches. Considering human
body, the inputs may be food intake, beverages consumed and
medication administered, and the output y may be body
temperature, blood pressure and pulse rate while the internal



A Conceptual Model (cont.)

variables x may be heart rate, blood sugar concentration, brain
activity level and various hormone levels.

up —» —» V1
Uy —» Internal —» Y2

: Variables :
U —» X1, X2 " Xp |—» Yn

Figure: A conceptual model



Static Linear Models

A static model is one where the variables describing the system are
related by algebraic equations and no derivative with respect to
time is involved. When the algebraic equations describing the
system are linear with constant coefficients we have a static linear
time invariant (LTI) system.

For static LTI systems we propose a general model of the form:

Ax+Bu=0 (2a)
Cx+Du=y (2b)

where (A, B, C,D) are matrices of size n x n, n X r, mx n and
m X r respectively. Let us illustrate this concept by examples.



Static Linear Models (cont.)

Example (DC circuit)

Consider the resistive circuit below with currents and voltages as
assigned.

R

NV °

Vi + i2 + i3 +

u C_) V2 R> V3 R y

+y=

Figure: A dc circuit



Static Linear Models (cont.)

Example (DC circuit (cont.))

The input u is the voltage source, the output voltage is y and the
internal variables are the branch currents i;, the branch voltages v;
across the resistors R;, j = 1,2,3. Writing Kirchhoff's equations
for the circuit, namely

1) algebraic sum of currents entering a node =0 (3a)

2) algebraic sum of voltage drops around a loop = 0 (3b)
we have
h=h+1i3 (2.33’)

and

u=vi+w (2 3b')
Vo = Vv3 -



Static Linear Models (cont.)

Example (DC circuit (cont.))
and by Ohm'’s law, we have

vi=Rji;, j=1,2,3. (4)

Note that (2.3a") and (2.3b") are structural equations depending
on the node and loop structure of the system and contains no
parameters, whereas only (4) contains the parameters R},
J=1,2,3. Rewriting (2.3a"), (2.3b") and (4) in matrix form, we
have



Static Linear Models (cont.)

Example (DC circuit (cont.))

1 -1 -1 00 07Tk 0 0
o o0 o0 11 o0llh 1 0
0 0 0 01 —1| i o| o
R 0o 0 10 0fllulTlolu=]o] ©2
0 R 0 01 0w 0 0
0 0 R, 00 1]l|lw |o 0
—~ —— S
X B=b
00000 1)x+ 0 u=y (5b)
C=c D=d

which is of the form (2), with m = 1 (single output), r = 1 (single
input) and n = 6. Accordingly C, B and D are of size 1 x 6, 6 x 1
and 1 x 1 respectively and A is 6 x 6.



Static Linear Models (cont.)

Example (DC circuit (cont.))

In (5) the mapping from input u to output y is made through the
intermediate internal variables x. A direct relationship between u
and y can be obtained by eliminating x, as shown below. This can
be done systematically by using Cramer’s Rule.

Writing (5) using
.-

so that



Static Linear Models (cont.)

Example (DC circuit (cont.))
Applying Cramer’s Rule to (7) and solving for y, we have

&u (8a)

YZTAa o
—-c 1

"A —b]
-c d

= — = Uu. 8b
A (8b)

N———
G

"A —b]

Equation (8) shows that the “gain” G of the system y = Gu is

given by
T _|A b
G——’A’, T:= ¢ 4l (9)



Static Linear Models (cont.)

Example (DC circuit (cont.))

So

T "RiR,—RiR; —RR;

1 -1 -1 00 0 0
o 0 0 11 0 1
0O 0 0 01 -10

R 0 0 10 0 O
0 -R, 0 01 0 0
0 0 -R; 00 1 0
0O 0 0 00 -1 0
1 -1 -1 00 0]

0O 0 0 11 0

0o 0 0 01 -1

R 0 0 10 0

0 -R, 0 01 0

0 0 -R 00 1]
Ry Rs

(10)



Static Linear Models (cont.)

Example (2 input 2 output DC circuit)

Consider the circuit below with inputs u; (voltage source) uy
(current source) and outputs y; and y»:

Figure: A dc circuit



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

The system equations are:

n=rfk+i
3 =g
i4:—U2

m=vi+wn+Ki
Khi=w+v3s+vs+ v
vi=Rji;, j=12,34
yi=w+Ki

(11)

Yo = Vva+ vs.



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

In matrix notation with

_I_l_
1 uy i4

= u .= X = 12

At I B P
_v5_.

we may rewrite (11) as:

Ax+Bu=0
Cx+Du=y



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

where

M1 -1 -1 0 0 0 0

0 0 1 -1 0 0 0

0 0 0 1 0 0 0

-K 0 0 O -1 -1 0
A=|-R 0 0 0 1 0 0
0 -R O 0 0 1 0

0 0 —-R; O 0 0 1

0 0 0 —Ry O 0 0

| K 0 0 0 0o -1 -1

—H O OO OO OoOOo

-1

O O OO oo oOo

_1_



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

o o

0 0

01

10

B=[by by=|0 0

0 0

0 0

0 0

0 0.
C_[cl}_{Koooo1o
2 [0 000000

= O

= O

(15)



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

In the general model (2) let y; denote the /" output and u; the jth
input. If ¢; denotes the ith row of C, b; the j*" column of B and

djj the (i, j) element of D, it follows from (2) that

| Ti1] | Tio| |Tir
y- = uy —|— uo + . e
TY Al

where

A

(16)

(17)



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))
For the 2 input 2 output example

T T
1= ] up + T bz,
Al Al
(18)
y2 = Tan| up + LE-2 u2
Al Al

The above equation can be written in terms of the “gains” Gj;:

Tyl i—12,.
Gi = ap =il (19)



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

so that
1 Gi1 G2 |1
= 20
sz] [G2l Gzz] [Uz] (20)
G
or
y=Gu (21)

and G represents the gain matrix.



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

e ———
oo OOOOOO

—
©coocoocooo o
—
coocococoo-H o
—
00000010_0
— —
©coco jo-Hoo |~
—

©ococo | Hoocooco

o <
ol ~ocococofoo

o
,IOOOOROOO

(22)

—
—
coocoocooo

—
[=N=leleloNoN-2s |

—
cCoocooco-o

K+ Ry
K+R +Ry



Static Linear Models (cont.)

Example (2 input 2 output DC circuit (cont.))

Similarly,
R Ry
Gpo=—— 22 23
P K+¥R +R, (23)
K- R
Gy=— 24
T KFR+ R, (24)
—2KR KR; — R R Ri R R R
Gop — 2+ 3 1R+ R R3 + R2 3 (25)

K+ R+ R



Static Linear Models (cont.)

Remark

Although we have only dealt with circuits here, the general model
(2) can be developed for static mass spring systems, hydraulic
networks in st steady state flow and truss structures. These are
discussed in the recent monograph “Linear Systems: A
Measurement Based Approach” by D. N. Mohsenizadeh, L. H.
Keel and S. P. Bhattacharyya, Springer, 2013.



