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What are Fractals?
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What are Fractals?

m Recursion made visible




Contractive Transformations

m A transformation F(X) is contractive if, for all
compact sets X, = X,

Dy (F(X), F(X3)) <Dy (Xy, Xy)

m Transformations on sets?
m Distance between sets?



Transformations on Sets

m Given a transformation F(x),

F(X)=1F(x)|xe X}

m In other words, F(X) means apply the
transformation to each point in the set X



Hausdorff Distance

Xl

DH (X1’ Xz) =7
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Hausdorff Distance

DH (X1’ Xz) =7
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Hausdorff Distance

X, =X,

D, (X1’ Xz) =0
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Hausdorff Distance

Dy (X1, X;) =Dy, (X5, X))
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Hausdorff Distance

dy,—x, =max(min | x —X, |)

Xlexl X2€X2
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Hausdorff Distance
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Hausdorff Distance

dy,—x, =max(min | x —X, |)

Xlexl X2€X2
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Hausdorff Distance

DH (Xl’ Xz) — max(dxl—>x2 ’ dx2—>x1)
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Contractive Transformations

m A transformation F(X) is contractive if, for all
compact sets X, = X,

Dy (F(X), F(X3)) <Dy (Xy, Xy)



lterated Affine Transformations

m Special class of fractals where each
transformation Is an affine transformation

{R(X) =M X, F,(X) = M, X, F;(X) = MyX,...}

/m11 m, m13\
M, = My My My,
0 0 1,




Rendering Fractals

Given starting set X,

><i+1 — U FJ(XI)

m Attractor is X
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Rendering Fractals

Given starting set X,

><i+1 — U FJ(XI)

m Attractoris X_
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Rendering Fractals
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Fractals

Rendering
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A
LN
A2\
ANANANAN




Rendering Fractals
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Rendering Fractals
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Rendering Fractals
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Rendering Fractals

i

.n.n.nM..“m .nM

A3
o

e =
o

" = =

P s

Ml el

e

-

et L

S



Rendering Fractals
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Contractive Transformations

m A transformation F(X) is contractive if, for all
compact sets X, = X,

Dy (F(X), F(X3)) <Dy (Xy, Xy)

m A set of transformations has a unique
attractor i1f all transformations are contractive

+ That attractor Is independent of the starting
shape!!!
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Rendering Fractals

N
/

N
AN

/
/ /
- R
/

/
N
/
/
N
/



Rendering Fractals




Rendering Fractals
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/”
/// f:» /f:» ;i»

G A

AR A

?/ /)5’ ,u:» /fxa
/f/ fmf} £z, f} A ff

/,& o

//}/
i AN
/f,
,»?/ f/ AL

/.f/ o /"'
,»m“ e d JM,{: ﬁéf{"} Ll

/;’/
.—"/.—"/ /.}////':"/
e,
AT S Fa ///f; -

/j’) /?/ /)':f
e ik // foin, e
o A fw A 5 £a A

ﬁ; )@A ﬁ;ﬁfﬁ/ﬂ&/ﬁ fﬁfﬁ/}i e )@A )cf

A% /f/ .—"2// e
/ML/ Ll Lak, L i
/{ A /}; ;/f /ff f?f
A AT AT AT AT
0 /f:» Y, /;/ , L ///
LA e ik i o f/ Frdi LA e ik i

3 /f// ///fxz & 4
///f///// A A A ﬁ’.—-’ﬁ-’)‘{// e A

L5 o ff// e

23 /»(A» /// 2
f/f;'}//fi o A e ;o/»i’f:» Lol A



Rendering Fractals
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Rendering Fractals
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Finding Transformations
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Finding Transformations

mnmmm =l
cHEE mhnm
Sl Sitoxes Bl
Erneets m” mm xﬂ W Bt
_eR
T =

B
AN Wmmw..
Zs R
LORE FNXE
BEEE
V-
FORE
wnﬁm m”n HH xﬂ T mnﬁm&
BEE LEE
COZEE ﬁimﬁm
ﬂﬂi% mﬂwm T_Eﬂ ™ nnﬂm wasErmman
=T ] m m mm E ACOXECE
Hrrced e Bl 5 & e Bl



Finding Transformations
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Finding Transformations
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Fractal Tennis

Start with any point x

For (1=1; 1<100; 1++)
X = I\/Irandom

For ( 1=1; 1<100000; 1++)
draw(Xx)
X = I\/Irandom



Fractal Tennis

Start with any point x
For (1=1; 1<100; I1++)

Gets a point on the fractal

47
X = I\/Irandom
For (1=1; 1<100000; 1++)
draw(Xx)

X=M random



Fractal Tennis

Start with any point x
For (1=1; 1<100; I1++)

X = Miangom™X Creates new points

For ( iI=1: i<100000; i++ ) on the fractal
draw(x) A/

Xx=M random



Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example
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Fractal Tennis — Example

mﬂnﬂm

S5

ﬁm =B

EHURUE

mﬂﬂﬂmph

mﬁﬁmm

-3

o
e

mﬁmﬂml

LR EEAE

a5 2%

EH—.—EME

B wm A& B2 B

774

s
RH W
79y w393

ot il LOXE k4
SRR w” e m.m B
2 & R
BTN ﬂuuﬁmﬁ
mnnﬁur.- a...nnnur._

Broxets N w”m xn wﬂﬂ Broxets

200,000 Points

B Bl
Wmmm ﬁwmmﬁm
mzrmﬁ LOKE EKE ¥4 of E00E wroxeny
Bt & & B et
g on f1 ﬁm I
Hrivets ik B8 i % IR B



Modified Fractal Tennis
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Modified Fractal Tennis
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Modified Fractal Tennis

. Y
W b
LAY i
v = - -
f‘l1'_ L -
= rt b -
L3

" .
a7 n
iy e
. '-\.
) ..u"‘-._r by
- T.poa
.
T
i
& ."'i'
e
¥y g
e
[
b .
o "
- W ":.:“_"'

50,000 Points



Modified Fractal Tennis
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Modified Fractal Tennis

=
2y ‘.i
ig . - - Y e ) fhﬂ
- = S . T e L
o e s R o
", o ey "\_."“b .

W

- "1‘.

W . 'E
Lo b

100,000 Points



Modified Fractal Tennis

£33, o P ST e
....r‘)'!..p}ﬁvﬁ"' KA L S }m
T A O T I e
i . ) b e o ...tt'h“'
o, LW iln..,.

125,000 Points



Modified Fractal Tennis
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Modified Fractal Tennis
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Modified Fractal Tennis
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Modified Fractal Tennis

m Weight probabilities based on area
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Modified Fractal Tennis

m Weight probabilities based on area

25,000 Points



Modified Fractal Tennis
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Modified Fractal Tennis

m Weight probabilities based on area
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Modified Fractal Tennis

n Welght probabllltles based on area
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Modified Fractal Tennis

m Weight probabilities based on area
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Modified Fractal Tennis

m Weight probabilities based on area
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Modified Fractal Tennis

m Weight probabilities based on area
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Modified Fractal Tennis

m Weight probabilities based on area
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Condensation Sets

m Glven a condensation set C
X,=C
Ky = UFj(Xi) UC
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Fractal Dimension

log(#transformations)
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Fractal Dimension

log(#transformations)

m Fractal dimension = —
log(scale factor)
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m Fractal curves can have infinite length!!!
m But only enclose finite area?
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m Fractal curves can have infinite length!!!
m But only enclose finite area?
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