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Subdivision Surfaces

�� Set of rules Set of rules SS that recursively act on a shape that recursively act on a shape pp00

ppk+k+11 = S = S ppkk

�� Arbitrary topology surfacesArbitrary topology surfaces

�� Smooth everywhereSmooth everywhere
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Polynomial Surfaces
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Stam’s Exact Evaluation Algorithm

�� Subdivide until Subdivide until xx is in is in 

ordinary regionordinary region

�� Extract BExtract B--splinespline control control 

points and evaluate at points and evaluate at xx
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Limitations

Not all subdivision schemes are polynomial!Not all subdivision schemes are polynomial!

��Butterfly subdivisionButterfly subdivision

��Kobbelt’sKobbelt’s InterpolatoryInterpolatory Quad SchemeQuad Scheme

��Sqrt(3) subdivisionSqrt(3) subdivision

��……
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Subdivision as Basis Function 

Refinement

Cubic B-spline

Basis Function

( )










































−+=
−

M

M

M

M

1

0

1

8
1

4
3

8
1

2
1

2
1

8
1

4
3

8
1

2
1

2
1

8
1

4
3

8
1

00

000

...00...

000

00

...)12()2()12(...)(
p

p

p

tNtNtNtp



Subdivision as Basis Function 

Refinement
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Subdivision as Basis Function 
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Subdivision as Basis Function 

Refinement
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Exact Evaluation at Rational Values

�� Evaluate scaling relationship atEvaluate scaling relationship at

�� Solve linear system of equations with Solve linear system of equations with 

constraintconstraint
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Evaluating Non-Polynomial Schemes
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Extraordinary Vertices
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Extraordinary Vertices
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Extraordinary Vertices
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Extraordinary Vertices
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Extraordinary Vertices
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Extraordinary Vertices

)22()32()42()52()62()2(

)12()22()32()42()1(

)22()12()2()12()22()(

28
1

22
1

24
3

22
1

28
1

2

12
1

24
3

22
1

28
1

1

28
1

12
1

012
1

28
1

0

−+−+−+−+−=−

−+−+−+−=−

+++++−+−=

−−−−−−

−−−−−

−−

tNtNtNtNtNtN

tNtNtNtNtN

tNtNtNtNtNtN

0

81
26

81
46

3
2



Extraordinary Vertices
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Exact Evaluation For Surfaces

�� Same as for curves with more basis functionsSame as for curves with more basis functions

�� Take advantage of symmetry to reduce Take advantage of symmetry to reduce 

number of variablesnumber of variables
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Adaptive Tessellation
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Adaptive Tessellation

�� No restrictions on patch tessellation levelsNo restrictions on patch tessellation levels

�� Guarantees waterGuarantees water--tight surfacetight surface

�� No pixel dropouts (due to inexact arithmetic)No pixel dropouts (due to inexact arithmetic)



Results



Results

33.5 million triangles/second on CPU



Results

Subdivision Sampling Rational Sampling



Results

Subdivision Sampling Rational Sampling

40% more polygons



Conclusions

�� Evaluation algorithm for arbitrary Evaluation algorithm for arbitrary 

subdivision schemes at rational valuessubdivision schemes at rational values

�� Finds exact values                    at same time Finds exact values                    at same time 

�� Fast, waterFast, water--tight adaptive tessellation tight adaptive tessellation 

algorithmalgorithm
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