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Figure 1: A textured and displaced subdivision surface and three zooms of theasaméfrom left to right) showing the
original subdivision surface, the approximate subdivision surface andethigt of our reparameterization method. Without
reparameterization, the texture and displacements are stretched and jildleg edges (see the highlighted region) touching
extraordinary vertices due to the geometric continuity constraints of thfaceirWithout altering the geometry of the surface,
our reparameterization technique removes this distortion with little computdtemsi.

Abstract

We provide a method for improving the parameterization of patching schéme approximate Catmull-Clark
subdivision surfaces, such that the new parameterization conforms hetteat of the original subdivision sur-
face. We create this reparameterization in real-time using a method that eplgnds on the topology of the
surface and is independent of the surface’s geometry. Our methotasatie patches with more than one ex-
traordinary vertex and avoids the combinatorial increase in both conitplerd storage associated with multiple
extraordinary vertices. Moreover, the reparameterization function &yéaimplement and fast.

Categories and Subject Descript@ascording to ACM CCS) |.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling—Curve, surface, solid, and object represensatio

1. Introduction meshes that converge to a smooth limit surface. Catmull-
Clark surfaces are? everywhere except at a finite collection
Catmull-Clark subdivision surfaceﬁ:p?q have become a of eXtraordinaryVerticeS (Vertices with other than 4 incident
standard for representing highly detailed, smooth and free €dges) where the surface@s. This process also naturally
form shapes such as animated characters in films or com- partitions the surface infoatcheshat correspond to the im-
puter games. To create a subdivision surface, artists con- age of a base control mesh face after repeated subdivision.
struct a coarse base control mesh to approximate the de-
sired shape. The base mesh is refined by applying a set of Until recently, subdivision surfaces have been used pri-
rules that depend only on the local topology of the mesh marily for offline applications such as computer generated
using a linear combination of vertices. Repeating this sub- movies PKT98] partially because the size and complexity
division process generates a sequence of increasingly finerof the refined meshes increase exponentially with the level
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of subdivision. Recent GPU advances have given rise to the
possibility of using subdivision surfaces for real-time ap-
plications. For example, DirectX 1IDLOO08] adds hard-
ware support for tessellation of arbitrary parametric sur-
faces. Yet directly tessellating subdivision surfaces can be
difficult [LSNCnO09 since the extraordinary patches, patches
containing one or more extraordinary vertices, are composed
of an infinite set of polynomialsHKD93].

Stam [Bta9§ provides an exact evaluation technique that
efficiently selects the correct polynomial to evaluate for a
given point from the infinite set of polynomials using the
eigen-decomposition of the local subdivision matrix. How-

ever, Loop [001( has shown that exact evaluation can re- - rigre 2: Demonstration of geometry independence. From

quire up to an order of magnitude more floating point Oper- et to right: subdivision surface, Gregory approximation,
ations than evaluating an approximate subdivision surface. Gregory approximation with our reparameterization. A va-

Therefore, many researchers have explored approximat-ence 7 vertex before deformation (top) and after deforma-
ing subdivision surfaces by replacing extraordinary patches yjon (hottom) where the reparameterization function is iden-
with a single polynomial patchLE08 MYP8a LSNCn09 tical for both surfaces.

or some small number of polynomial patché&\M *08,
MNP8H. These methods typically rely on creating geomet-
rically smooth joins to the ordinary patches on the surface
rather than the parametrically smooth joins that the underly-
ing subdivision surface possesses (a necessary consequence
of using only a finite number of polynomials). While this ge-
ometric continuity does not affect the approximation quality

of the patching scheme, it will distort the parameterization e provide a method that is fast to evaluate on the GPU,
of the underlying subdivision surface. When texture map-  which consists of a single 4 4 matrix product and a sin-
ping is used with these approximate representations, the im-  gle division

age on the su.rfacg is distorted py these artifacf[s leading t0 ¢ create a simple method to handle patches with multiple
a poor approximation of the desired texture or displacement  eyiraordinary vertices that avoids combinatorial increases

map on the surface. in complexity and storage

runtime using a method thatiisdependenof the geome-
try of the surface and depends solely on the local topology
of the control mesh

Figurel shows such an example for a subdivision surface
with a texture/displacement map. The center zoomed image
shows an approximate Catmull-Clark surface without repa- 2. Related Work

rameterization. The displaced bump in the upper left of the gince Jittle work has focused on texturing approximate sub-
image is distorted and no longer circular. Moreover, the large gjyision surfaces, we separately review previous work on

green spot in the texture in the middle-right of the image is o facets: approximate subdivision surfaces and texture
pulled so that it is no longer round. mapping.

Therefore, we propose to reparameterize such approxi- Approximate Subdivision Surfaces. Many researchers
mate representations to better match the underlying subdi- have considered techniques for approximating Catmull-
vision surface parameterization. Given that the purpose of cjark subdivision surfaces with parametric patches that are
approximating subdivision surfaces is to perform fast GPU o1 convenient and faster to evaluate than the underlying
evaluation, any reparameterization must be fast to compute gypgivision surface. Since ordinary patches on the subdivi-
and evaluate. Also, like these approximate representations, sjon surface consist of a single polynomial, all approaches
we must also be able to handle extraordinary patches that ratain these portions of the surface and focus on replac-
may contain one or more extraordinary vertices. ing extraordinary patches. Loop and Schaefes(g de-
sign bicubic patches to approximate the subdivision sur-
faces, which were extended to creased subdivision sur-
faces by Kovacs et alKMDZ09]. For each quadrilateral

We provide a method for modifying the parameterization [&C€: they construct a geometry patch and a pair of tangent
of approximating subdivision surfaces such that it conforms Patches to respectively approximate its 3D shape and tan-

better to the original subdivision surfaces. In particular, we 98Nt fields. Myles et alNIYP84 uses a bi-degree 5 patch
to approximate the faces containing one or more extraordi-

e reparameterize the approximate subdivision surface at nary vertices. Yeo et al.YNM *08] replaces extraordinary

Contributions
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patches with multiple polynomial patches that join together
smoothly.

Although Catmull-Clark subdivision surfaces are gener-
ally composed of quad patches, artists occasionally add tri- %&
angles to the control mesh. Myles et INIP8h] extended
the work of Yeo et al. YNM*08] to create Pm-patches
for additional triangle patches and pentagonal regions of
the shape. More recently, Loop et aL§NCn0g investi-
gated a method for approximating Catmull-Clark subdivi-
sion surfaces containing both quads and triangles with Gre-
gory patches@re74 suitable for programmable hardware
implementation. While our approach could be applied to any

of these approximation methods, we concentrate here on the
Gregory construction ol{lSNCn09.

Figure 3: Characteristic maps for valences 3, 5, 6, and 7.

methods for reparameterizing subdivision surfaces to pro-
vide something more akin to a spline patch parameterization
by inverting the characteristic map of the subdivision sur-
face. The result is a geometry independent method for repa-
rameterizing the subdivision surface. Our method also pro-
Texture Mapping. When 2D textures are used, the key vides a geometry independent method for reparameterizing
problem is to find a one-to-one mapping between the 3D the surface. However, our technique is given two geometri-
surface and 2D texture domain that minimizes the inevitable cally similar surfaces and reparameterizes one to match the
metric distortion. This process is referred to as parameteriza- parameterization of the other. We perform an offline opti-
tion, which has received a lot of attention in recent decades; mization procedure to find a simple, computationally effi-
see FHO5 SPRO§ for a comprehensive overview. Most ap-  cient reparameterization function that works well with the
proaches try to minimize an energy function to reduce the GPU and operate on surfaces containing multiple extraordi-
distortion measured by different kinds of metrics, such as nary vertices per patch.
angle distortion HGOO, LPRM02 KSS06 SSP03, stretch
[SSGHO0], or a balance between angles and ai2&lK03,
LZX*08, PTC1Q. These parameterization approaches are 3. Texturing Approximate Subdivision Surfaces

mainly designed for polygon meshes. He et &SH1( Per-face-texture mappin@[.08] relies on using the intrin-
present a method of parameterizing subdivision surfaces by gjc harameterization of each patch to store texture informa-
incorporating the inherent subdivision structure. tion. This method can be viewed as assigning a single tex-
All of these parameterization approaches rely on decom- ture to each parametric patgh(u,v). The color associated
posing the surface into a set of charts that must be pieced with the pointp; (u,v) is simply the texture sampled @t, v).
together. Moreover, if the topology of the surface is altered, Therefore, to minimize texture distortion, we must minimize
the surface must be reparameterized. To combat these prob-the difference between the parameterization of the subdivi-
lems several authors have suggested storing texture infor- sion surface and the approximate subdivision surface.
mation in 3D using an octree to avoid parameterization al-
together BCGB08 DGPRO02. Unfortunately, since the oc-
tree is separate from the surface representation, any geo-
metric modification/deformation of the shape will require
the octree to rebuilt and resampled. As an alternative, many
researchers have advocated using the parameterization o
the patches on the surface itself to store texture informa-
tion [BLO8, YKH10]. The advantage of this approach is that
each patch is essentially given its own chart, which avoids
the need to optimize the parameterization of large regions of
the surface. Moreover, when the surface is modified, the tex-
ture information deforms with the surface. However, these
methods rely on using the parameterization of the patchesto  We minimize this distortion by defining a reparameteriza-
store texture information. tion functions(u,v) : R? — R?. Given a patchpj(u,v) of
the subdivision surface and the corresponding peitah v)
of the approximate subdivision surface represented as a Gre-
gory patch (5re74, we define our problem as finding a func-
tion ssuch that

Even though the geometry of the subdivision surface and
the approximate subdivision surface are visually similar,
parametric distortion must exist due to tB& smoothness
conditions from the approximate subdivision surface. Fig-
Ture 8 (upper right) shows an example of equally spaced
parameter lines in the andv directions on the subdivi-
sion surface (blue) and the approximate subdivision surface
(red). Subdivision surfaces are parametrically smooth, which
causes parameter lines to be smooth across patch boundaries.
The red lines from the approximate subdivision surface lie
on a geometrically smooth surface, but contain kinks.

Unlike most parameterization methods, our goal is not
to create a parameterization that minimizes distortion. In-
stead, we attempt to modify the parameterization of an ap-
proximate subdivision surface such that its parameterization

matches that of the original subdivision surface. We focus on min/l /1 1P (U, V) — gi (s (U v))‘z )
per-face-texture mappind[08] for purposes of this paper. s Ju—o0Jv=0 Py, aits{u,
In a related work, Boier-Martin et aBMZ04] explored for each patch of the surface subject to the constraintsthat
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Figure4: In each picture the subdivision surface is shown in

blue, the approximate subdivision surface in red, and patch
boundaries are shown in black. From left to right: no repa-

rameterization, reparameterization with a bicubic function,

and reparameterization with a rational bicubic function. The

rational bicubic gives a substantially better fit to the subdi-

vision surface, especially along patch boundaries.

forms a bijection from0,1)? to [0,1)2. This constraint re-

quires thats, does not fold back on itse‘f & & 1>0

and, for any poin{uj,v;) in the domain ofpj, there exists

a point(uy, vi) such thas (uy, vi) = (uj,v;). Then, for each
pointg;(u,v), we define its texture coordinates with respect
to per-face-texture mapping agu,v). Note that, although

we visualize the reparameterized surface, the actual vertex
locations in the Gregory surface are unchanged. We only
modify the texture coordinates of the vertices andsgev)

for the texture coordinate instead(of v). Note that the eval-
uation point(u,v) for the surfaceg;(u,v) is unchanged by

s (u,v).

Since the approximate subdivision surface is identical to
the subdivision surface over patches containing only ordi-
nary vertices, Equatiol is minimized with the identity
transforms;(u,v) = (u,v) for these patches. However, this
minimization is much more difficult for patches that contain
one or more extraordinary vertices. Our goal is not simply to
minimize this error, but to build a reparameterization func-
tion 5 that is simple to construct and easy to evaluate on the
GPU.

To that end, we represest(u,v) as a rational bicubic
function with a 44 matrix of control point<C where each
control point has a parametric locatigm v) as well as a ra-
tional weightw. If we represen€ as two matricesCyv and
Cw, containing the parametric and rational components of
each control point separately, we can represgntv) as

B3(u) - (Cuv*Cw) - B3(V)
B3(u)-Cw-B3(V)

s(uv) = :
whereBY(-) are degreel Bézier basis functions anel de-
notes the element-by-element product of two matrices.

While we could have picked some other representation of
s (u,v), we have found that this choice performs well in all
of our examples. Moreover, this function is easily computed,
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9(s(u,v))

Figure 5: The various mappings used to create our repa-
rameterization function (si,v) are illustrated. The Gre-
gory patch approximation (g,v) of a characteristic map
patch fu,v), along with the resulting reparameterization

9(s(u,v))-

becausesvaluatingg; (u,v) already requires evaluating both
B3(u) and B3(v). Therefore,evaluatings(u,v) comes at
very little additional cos{a 4 x 4 matrix-vector product, a
dot product, and a division)Me choose a rational bicubic
rather than a non-rational bicubic as a reparameterization
function not only for the additional degrees of freedom, but
because rational functions fit the fractal scaling of the sub-
division surface well along patch edges. Figdrehows the
benefit of choosing rational bicubic reparameterizations over
non-rational parameterizations.

Even though we have defined an explicit form $qu, v),
minimizing Equationl is difficult due to the non-linear cor-
respondence betweem(u,v) and pi(u,v). Therefore, we
discretize Equatio using a dense set of parametric points
(uj,vj) from p; and points(u, vi) from g;. For each point
pi(uj,vj), we find the closest poirg; (U, Vi(j)). We then
fit our reparameterization functicg by minimizing

2
n;'”;‘(Uivvj)_s(uk(j)Nk(j)) dp; 2
wherek(j) gives the index of the closest poifiy, k) to
(uj,vj) andd pj is the differential area of the poipt(u;, vj).
We use a uniform grid of size #7or (uj,vj), a grid of
size 5008 for (ug,Vi), and the area of the barycentric
cells MDSBOJ for dp;.

3.1. Geometry Independence

While it is possible to evaluate and minimize Equat®n

this equation is dependent on the geometry of both the sub-
division surfacep; and the Gregory approximatiag. As

the user changes the geometry, the correspondence between
points may change. Unfortunately, computing the correspon-
dence between surfaces and performing the nonlinear mini-

submitted tdPacific Graphics (201



L. He, C. Loop, & S. Schaefer / Improving the ParameterizatibApproximate Subdivision Surfaces 5

0,0,¢y O¥cHc O,Z'ﬁ,t.'; 0,1,(.':
30,6 333 4 =4 4 A1t
crOYcHlcseae [c;,cihe,chlc,
=50 .5 =5 5 5 =66 6 =61 6
c’.0,c; G,6,c |6.6,6, ¢Ll.c

s
1,0,¢;

5 =6 6
L2l e

S oS .6
I¥efcs @@ Ll,c,

Figure 6: Construction of gu,v) for a patch with valences
3, 4, 5, and 6 with the 16 control points gf\dsualized as
red dots. The x 2 block of control points closest to a vertex,
highlighted in different colors, are solely a function of the
valence of that vertex.

mization in Equatior2 cannot be performed in realtime even
on the GPU.

Our solution is to create a reparameterization function
that is independent of the geometry of the surface. To do
so, we note that the rules that refine the subdivision sur-
face are solely dependent on the topology of the surface.
The limit of this subdivision process is related to the char-
acteristic mapRRei9g of the subdivision scheme, which is
only dependent on the topology of the surface (see Figure
for examples of characteristic maps). After repeated subdi-
vision, ane-neighborhood about an extraordinary point will
approach an affine transformation of this characteristic map.
Therefore, the characteristic map can provide a first order
approximation of the subdivision surface and is independent
of the embedding of the subdivision surfaceRii

Using this observation, our solution is to find correspon-

dence using the characteristic map of the subdivision scheme

instead of the actual 3D geometry of the surface. Therefore,
for each vertex of a particular valence (number of edges in-

cident on the vertex), we use the characteristic map as the

control mesh for the subdivision scheme. This control mesh
defines both the subdivision surfapgand its Gregory ap-
proximationg; and we compute our correspondence points
using the patches in the one-ring of the central vertex.

Figure 5 depicts this process for a single patch from the
characteristic map of a valence 7 vertex. The)? domain
is transformed to the Gregory approximation by the map
g(u,v) (top) but does not resemble the subdivision surface

Valence o c; c c3 cy
3 0.0759 01014 06548 02105 09240
4 1.0000 03333 10000 03333 10000
5 0.3296 00850 07913 03223 08958
6 0.4188 00759 08259 (03636 08768
7 0.4830 00686 08487 03949 08595
8 0.5293 00629 08645 04189 08451
9 0.5634 00586 08757 04372 08335
10 0.5890 00553 08840 04515 08242

Table 1: Precomputed parameters for Equati8n

ter of the entries creates a close fit. This restriction allows
us to easily handle multiple extraordinary vertices in Sec-
tion 3.2 Since characteristic maps have only one extraordi-
nary vertex all of the control points except for a2 block

of C are known because the identity map is the optimal so-
lution for valence 4 vertices. Characteristic maps are also
symmetric andequirings(u,v) to be a bijection contrains
some of the coordinates for control points along the bound-
ary. Thereforeye can write the control points of 5 as

((0,0,CB)) ((o,cfl‘,cg)) (((1)%1)) (((1)7171))

| (c],0,¢5) (ch,c5,ch) (5,51 (35,11

| Goy Gl (%%1) Gy | @
(Lo, (1,31 (@51 (1LY

Therefore,s only contains 5 degrees of freedom corre-
sponding to the parametecB,i = 0,1,2,3,4. We optimize
the nonlinear function in Equatio@ with the constraint

that the Jacobian is positive 3 % | > 0 using the

Levenberg-Marquardt algorithni¢v44]. Table 1 gives the
result of the optimization for various valences. Note that, be-
cause the optimization is only dependent on the local topol-
ogy of the surface, only Tablg is needed to construct the
reparameterization function.

3.2. Multiple Extraordinary Vertices

While the construction in Sectio8.1 can handle patches
with one extraordinary vertex, our goal is to be able to op-
erate on patches that contain any number (ugltdour
corner$ extraordinary vertices. Moreover, we desire a sim-
ple reparameterization method that will avoid the potentially

p(u,v). We use these two shapes to compute correspondencecombinatorial increase in the number of topological cases

points to fit the reparameterizatia(u, v). Applying s(u,V)
warps the domain such that if we then apgly, v), we ob-

tain a surface that matches the subdivision surface well as

shown on the bottom of the figure.

We make the additional restriction that thex2 block of
control points closest to each corner should only be a func-
tion of the valence of the corner vertex. While optimizing the
positions of all 16 control points would generate a more ac-
curate fit, our experiments show that adjusting just one quar-
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depending on the valence of each vertex of a quadrilateral
patch, which is quartic in the number of different valences.

We provide a simple solution where we replace the2
block of control points inC corresponding to each vertex
with the optimized solution from Tablke Figure6 shows an
example of this process for a patch with valence 3, 4, 5, and 6
vertices. For each 2 2 block of control points (shown in dif-
ferent colors), we use the optimized results from Tdbier
that valence where=1— c. This technique yields a simple
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Figure 7: A patch containing only extraordinary vertices of
valence 3, 5, 6, and 7. From left to right: subdivision surface,
Gregory surface without reparameterization, our reparame-
terization method.

method for handling patches with arbitrary valence vertices
using only a small table of precomputed numbers. While this
approach is not optimal with respect to the minimization in
Equation2 for patches that contain multiple extraordinary
vertices, the number of these cases is typically low in most
surfaces. Even so, we have found that this solution works

and the parameter lines are nearly identical even though our
reparameterization is geometry independent.

Figure 2 demonstrates this geometry independence on a
simple example of a valence 7 vertex. The left of the fig-
ure shows the subdivision surface, the center the Gregory
approximation, and the right the Gregory surface with our
reparameterization. On the bottom is the same figures except
we have deformed the center vertex to alter the geometry. In
both cases, our reparameterization matches the parameteri-
zation of the original subdivision surface well.

Figure 9 demonstrates surfaces containing patches with
multiple extraordinary vertices per patch. The top of the fig-
ure shows a patch containing a valence 3 and a valence 6
vertex that are face-adjacent, while the bottom shows a patch
containing a valence 3 and a valence 5 vertex that are edge-
adjacent. Before reparameterization, the difference between
the parameterization of the two surfaces in each example is
quite high, which can lead to significant distortion of the

well in practice. texture. After using our reparameterization function, the pa-
rameter lines are well-aligned. Compared with only patches
containing only a single extraordinary vertex, the reparame-
terization is not as accurate, but still fits well. Figiirehows

an extreme case of a single patch containing a valence 3, 5,
8, and 9 applied to the Gregory patch subdivision surface 6 and 7 vertex. Even with every vertex an extraordinary ver-
approximation [SNCn09. Figure 1 shows an example of  t€x, our reparameterization matches the subdivision surface
a displaced subdivision surface with a texture map. With- Wwell.

out reparameterization, the texture and displacement are
stretched. Our reparameterization (right) removes this dis-
tortion creating a result almost identical to the original sub-
division surface.

4, Results

We provide several examples of our technique in Figdres

Our method is efficient to compute in a DirectX 11 do-
main shader. Evaluating a Gregory patch relies on values
of the Bernstein basis functions at a (hardware provided)
u,v domain location. Sincg (u,V) is also represented in the

While Figurel provides a real-world example, the abil- Bernstein basis and is rational, evaluating the reparameter-
ity to perceive these differences is dependent on the dataization function amounts to performing a multiply with the
in the texture itself. For example, regions of constant color values of the basis functions (already computed) and divid-
do not show distortion no matter how bad the parameteri- ing by the rational component, which is a single division.
zation is. Therefore, in Figur@we visualize the difference  In our implementation, we represent the Gregory patch con-
in the parameterization between the true subdivision surface trol points passed into the domain shader &s @at 3 pair,
and the Gregory approximation using a pointwise evaluation effectively a 6-tuple{x,y,z,u,v,w}, wherex,y,z are posi-
of Equationl shown as color where blue represents low er- tion coordinates, and,v,w are the corresponding rational
ror and red is high error. Before reparameterization, the er- control vertices of our reparameterization. For the 8 interior
ror is high and concentrated around extraordinary vertices Gregory control points, we duplicate the reparameterization
of the surface. After our reparameterization, the geometry control vertices pairwise, to exactly reproduce our bicubic
of the surface is unchanged, but the parameterization error reparmeterization function.
is substantially diminished. The right of the figure shows a
close-up of patches containing a single extraordinary ver-
tex of valence 5. The blue_ and red edges on t_he top are 5 ~onclusion
equally spaced parameter lines from the subdivision surface
and original Gregory patches respectively. Ideally these lines Our method provides an inexpensive method for modifying
would be identical, but differences exist especially along the texture coordinates of an approximation subdivision sur-
patch boundaries. These differences are necessary becaustace to match that of the original subdivision surface, which
subdivision surfaces are parametrically smooth, and hence reduces texture distortion when using per-face texture map-
have smooth parameter lines across patch boundaries, whileping approaches8.08, YKH10]. Since our method is inde-
Gregory patches only meet with geometric continuity, which pendent of the geometry of the surface, our reparameteriza-
generates only continuous parameter lines. The bottom of tion is both easy to compute and capable of handling animat-
the image shows the same picture after reparameterizationing surfaces in real-time.

submitted tdPacific Graphics (201p



L. He, C. Loop, & S. Schaefer / Improving the ParameterizatibApproximate Subdivision Surfaces 7

Figure 8: From left to right: The patch structure of a subdivision surface, the differepetween the parameterization of
the subdivision surface and the approximate subdivision surface (blueetaw red=high error), the difference using our
reparameterization method, and a zoome-in of the highlighted region. @b zhows both the false coloring of the error
function as well as equally spaced parameter lines for the subdivision sufifilee) and the approximate subdivision surface
(red) both before (top) and after (bottom) reparameterization.
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Figure 9: From left to right: The patch structure of a subdivision surface, the differdnetween the subdivision surface
parameterization and the Gregory surface, the difference using oaraepeterization, and a zoom-in of the highlighted region
showing equally space parametric lines of the subdivision surface (bha}jte Gregory patch (red) before (top) and after
(bottom) reparameterization.
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