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Functions 
• Let 𝐴 and 𝐵 be non-empty sets. 
• A function from 𝐴 to 𝐵 is an assignment of exactly one 

element of 𝐵 to each element of 𝐴. 

– 𝑓 𝑎 = 𝑏 

– 𝑓:  𝐴 → 𝐵 

• Ex:  
– 𝐴 = students at TAMU, B= ℕ 
– 𝑓 𝑎 = the number of credit hours for student 𝑎 

 



Terminology 

• 𝑓:  𝐴 → 𝐵 

– 𝐴 is the domain of 𝑓 

– 𝐵 is to codomain of 𝑓 

– 𝑓 𝑎 = 𝑏 is the image of 𝑎 

– 𝑎 is the preimage of 𝑓 𝑎 = 𝑏 

– 𝑥 ∣ 𝑥 = 𝑓 𝑎  𝑓𝑜𝑟 𝑎 ∈ 𝐴  is the range of 𝑓 



Examples of Functions 
• 𝑓𝑙𝑜𝑜𝑟:ℝ → ℤ  “greatest integer” 

– 𝑓𝑙𝑜𝑜𝑟 4.2 = 4.2 = 4 

• 𝑐𝑒𝑖𝑙: ℝ → ℤ  “least integer” 

– 𝑐𝑒𝑖𝑙 4.2 = 4.2 = 5.2 

• 𝑝𝑜𝑤:ℝ × ℝ → ℝ 

– 𝑝𝑜𝑤 𝑥, 𝑦 = 𝑥𝑦 

– 𝑝𝑜𝑤 3,5 = 35 = 243 

• 𝑚𝑎𝑥:ℝ × ℝ → ℝ 

– 𝑚𝑎𝑥 3,5 = 5 

 
 



Properties of Functions 
• One-to-one (injective) 

– ∀𝑎∀𝑏 𝑓 𝑎 = 𝑓 𝑏 → 𝑎 = 𝑏  

• Onto (surjective) 

– ∀𝑦∃𝑥 𝑓 𝑥 = 𝑦 

• Bijective 
– One-to-one and Onto 
– If 𝑓: 𝐴 → B is bijective, then there exists 𝑓−1:   𝐵 → 𝐴, the 

inverse function. 



Caesar’s Cipher 
• Let 𝐴 be the Roman alphabet 
• Let 𝐶: 𝐴 → 𝐴 

– 𝐶 𝑎 = 𝑑 

– 𝐶 𝑏 = 𝑒 

– 𝐶 𝑐 = 𝑓 

– … 

– 𝐶 𝑤 = 𝑧 

– 𝐶 𝑥 = 𝑎 

– 𝐶 𝑦 = 𝑏 

– 𝐶 𝑧 = 𝑐 

• Is Caesar’s Cipher a bijection? 
– Yes. 
– VFLHQFH! 

 



One Way Functions 

• Let 𝑆 be the set of strings of alphabetic characters. 

• Let 𝐽 = ℕ<𝑑 be the non-negative integers less than 𝑑. 

• Let ℎ:   𝑆 → J .  
– ℎ takes the ASCII code for each character in a string, adds 

them together, divides by 𝑑, and returns the remainder. 

– ℎ 𝑠 =  𝑐𝑐∈𝑆  𝑚𝑜𝑑 𝑑 

• Is ℎ one-to-one? 
– No. ∴ ℎ is not invertible. 



Exercise 

• 𝑓:ℝ → ℝ 

• 𝑓 𝑥 = 2𝑥2 − 5 

• Is 𝑓 
– One-to-one? 

• No. 𝑓 𝑥 = 𝑓 −𝑥  

– Onto? 
• No. ¬∃𝑥 𝑓 𝑥 < −5 



Compositions of Functions 

• Let 𝑔: 𝐴 → 𝐵 and 𝑓: 𝐵 → 𝐶 

• 𝑓 ∘ 𝑔: 𝐴 → 𝐶 

– 𝑓 ∘ 𝑔 𝑥 = 𝑓 𝑔 𝑥  

• Ex: 𝑠:ℝ+ → ℝ+and 𝑓:ℝ+ → ℤ 

– 𝑠 𝑥 = 𝑥 

– 𝑓 𝑥 = 𝑥  

– 𝑓 ∘ 𝑠 𝑥 = 𝑥  

 



Exercise 

• Let 𝑓:ℕ → ℕ and 𝑙: ℝ+ → ℝ 

– 𝑓 𝑛 = 𝑛! = 𝑛 ⋅ 𝑛 − 1 ⋅ ⋯ ⋅ 1 

– 𝑙 𝑥 = log2 𝑥 

• log2 𝑥 = 𝑦 ↔ 2𝑦 = 𝑥 

• How to write log2 𝑛! ? 

– 𝑙 ∘ 𝑓 𝑛  

– ℕ ⊂ ℝ+ 



Partial Functions 
• A partial function 𝑓:  𝐴 → 𝐵 is an assignment to each element in a subset 

of 𝐴 (domain of definition of 𝑓) to a unique element in 𝐵. 
• 𝑓 is undefined for 𝐴 − 𝐷. 

• 𝐷 is the domain of definition of 𝑓. 

– If 𝐷 = 𝐴, then 𝑓 is a total function. 
– Ex: Let 𝑓: ℝ → ℝ 

• 𝑓 𝑥 =
1

𝑥
  

– undefined at 𝑥 = 0 

• 𝑓 𝑥 = 𝑥  
– undefined at 𝑥 < 0 

• 𝑓 𝑥 = ± 𝑥2 + 1  
– not a function from ℝ to ℝ  because of ± 



Summary 

• Function maps elements of 𝐴 to elements of 𝐵. 

𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑 ⇒ 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 



Summary 

• One-to-one: every element in 𝐴 maps to a 
unique element in 𝐵. 



Summary 

• Onto: every element in 𝐵 is ampped to by 
some element in 𝐴. 



Summary 

• Bijection: one-to-one and onto. 

Inverse function 



Summary 

• Composition: 𝑓 ∘ 𝑔 𝑥 = 𝑓 𝑔 𝑥  

𝑔 𝑓 𝑓 ∘ 𝑔 

= 


