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Weiner Filtering Theory

Problem: produce an estimate of a desired process

output desired
input : y(n) response
x(n) — flter () «—— d(n)
— 7+
estimate
en
(1) >TTOT

Restrictions placed on system
1. filter is linear

2. filter 1s discrete time

N
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Also
1. Finite impulse response (FIR) 1s assumed
2. Statistical optimization is employed

The linear filtering problem was solved by
e Wiener in 1941 for continuous time

e Kolmogoror in 1938 for discrete time

N
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For the discrete time case

x(n) 7 7!

d(n)

The impulse response of the filter is

hy=w; k=0,1,---,M -1
and O for all other £

n) is the estimate of the desired signal d(n).

d(
-
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MU wrx(n — k)

k=0

wix(n)
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where
W = T\QOQ\ET e Q\E.\&ILMJ
X = ﬁ&AS\vf&AB\ o Hvu T T&Ai - M + Hi\.ﬁ
The error can now be written as
e(n) = d(n) —d(n) = d(n) — wx(n)

The performance criteria is chosen as the mean squared-error (MSE)

J(w) = E{e(n)e’(n)}

/,E:w w that minimizes J(w) is the optimal (Wiener) filter. \
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hﬁ.&:&:w the performance criteria, /

J(w) = E{e(n)e’ Azx,

= B{(d(n) — wx(n))(d"(n) — x" (n)w)}

= E{ld(n)]” - A )x" (n)w — wx(n)d"(n)

(n)x" (n)w}

= B{ld(n)l’} — E{d(n)x" (n)}w — w" E{x(n)d"(n)}
+wi E{x(n)x" (n)}w

|_|<<x

Let
R = E{x(n)x”(n)} (autocorrelation of x(n))
p = E{x(n)d*(n)} (cross correlation between x(n) and d(n))

Then
J(w) =03 —pllw—-wp+wl!Rw

/ﬁ&ﬁo we have assumed x(n) is zero mean and stationary. \
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The error

J(w) =02 —p'w—-wlp+w’Rw

is a quadratic function of w and is thus a bowl-shaped function of w with
a unique minimuin.

Cost function J

-4.00

Figure 5.6 Error-performance surface of the two-tap transversal tilter described in the
numerical example.
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Figure 5.7 Contour plots of the error-performance surface depicted in Fig. 5.6.

We can find the optimal weight vector, w, by differentiating .J(w) and
setting this to zero

Vwd (W)lw=w, =0

N /
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\F general, for complex data,
wr =ar + 730 k=0,1,---, M —1

the gradient, with respect to wyg, 18
0J 0J k=0,1,--- M -1

Vi(J) = Dar +b@$

The complete gradient is given by
I 1 [  6s .00 ]
Vo(J) Pa0 T J o6,
Vi(J) 2L 4 oL
Vo= =
aJ . dJ
i QZ-X%V | | Oanr—1 |_|,w Obnr—1 |
Examples of complex matrix differentiation: Let c and w be M x 1
/oo:%_ox vectors. \
] ; University of Delaware m
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\_ug. g = cfw, find V(g) /

M—1 M—1
g=c'w= M CLW) = MU ci(ar + jbk)
k=0 k=0

Thus
0Oy . 0g
QwAQV - @,@w |_|u®®w
= ¢ +j(c) k=0,1,--- M —1
Thus for g = c’w
Vo(g) 0
Vi(g) 0
Vi A,Qv 0
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\Zoé suppose g = wt c, then

g=Ww
and
_ 9g | .09
= ¢+ j(—jcg) = 2cp
Thus for g = w'c
Vol(g)
Vi(g)
Qz_@v

/ _ ] - _

2cpr—1

M—-1 M-—1
sk .
= M Owsw = M OwA@\A — uvwv

2cC
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Lastly, suppose g = w'’ Qw, then

M—1M-1
\
*
M‘ M WWg
i=0 ;=0
M—1M-1

> (ai — gbi)(aj + 5b) g

1=0 35=0

Q
|

@m dg
@Q;A +m@®w
M—1
= MMUQ,Qn_lu@vaulTo

Q”
M

—1
= 2 MU Widk,

7=0

N /
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Thus for ¢ = wH Qw

- N&MMH
i ] qo,; W;
Vo(9) =0 o
QHGV MU q1,;W;
V.. q M-1
- wa(9) - > M —1,W;
L =0

Returning to the MSE performance criteria
J(w) =03 —p'w—wp+w’Rw

differentiating with respect to w and using the above

Vw(J)=0—-0—-2p+ 2Rw
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ho&:m this to zero gives the optimal weight vector, w /
Vw(J)=0
4

Rwy =p (normal equation)

and the Wiener filter is defined by
Wy = HWIHHV

Orthogonality Principle

Consider again the normal equation that defines the optimal solution
Rwo=p
E{x(n)x" (n)}wo = E{x(n)d"(n)}

Rearranging

/ E{x(n)d*(n)} — E{x(n)x" (n)}wg =0 \
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Thus

Recall

N

E{x(n)[d" (n) - x" (n)wo]} = 0
E{x(n)ej(n)} = 0

where efj(n) is the error when optimal weights are used.

(n)

z(n)eg(n)
r(n —1)es

E{x(n)ej(n)} = FE

r(n — M + 1)ei(n)

J(w) =02 —-p'w—-wlp+w’Rw

0

the estimate error, ¢*(n), is orthogonal to each input sample in x(n).

Having found the optimal filter, we can determine the minimum MSE.

Thus for a filter to be optimal, a necessary and sufficient condition is that

/
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Using the optimal weights wg = R~ !p in the above gives the minimum
MSE.

&55 — Q.m T _.Umd,\o | é%mu + g%H__WA”_WIHHVV
= o5 —pwo—wip+w{p
= Q.m - vaﬁ\.o

or
Jmin =05 —p"R7'p
Next, consider
J(W) — Jmin = —pw—wlip+wiRw + pwy |_|<<%U |<<%W<<o
Using the fact that

p=Rw, and p” =wlR

N /
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(in )

J(W)— Jnin = —piw — wlp +wlRw + plwy |_.<<o p— W, HRwy|
= —wiRw—w'Rwy+w’Rw + w'Rwy
+wiRwg — wi Rwy
= —w{'Rw — w’Rwj + w’Rw + w{Rwy
= (w—wo)"R(w — wp)
4
J(wW) = Jpin + (W — éovmwg\ — W)
Finally, if we express R in terms of its eigenvalues and eigenvectors

J(W) = Jmin + (W — wo) T QQQY (w — wy)

or defining the eigenvector transformed difference

/ v=Q"(w—wyp) \
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we have

»NAQ\.V = pNBE + <ED<

M
= ,NBE+M ALVE VL
k=1

2
d

M
— %55 + MUvLL@\A
k=1

where vy, is the difference (w — wq) projected onto eigenvector qy.

N
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vi(n) —

hﬁﬁzw_o” Consider the following system

vy(n) (noise)

x(n) %

d(n) .
AR Communication
—> —(+)— u(n
system chanel Aw % )
Desired |\H Noisy transformed
signal observation
, FIR g
u(n) — .. — d(n
(n filter ()

1

1+ 0.84582z—1

1

1 —0.94582—1

Goal: Determine the optimal order two filter weights, w, for

(AR process)

(communication channel)

~

/mcn._ v1(n) and vo(n) zero mean white noise with o2 = 0.27 and 03 = o.H_\
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To determine w(, we need

R, (auto-correlation of received signal)

p (cross correlation between received signal u(n) and desired signal d(n))

Consider R, first. Since u(n) = x(n) + v2(n), where vy (n) is

uncorrelated with x(n)

Ry = Ry + Ry, = Ry +

Note that
X(z) = Hi(2)H2(2)Vi(2)

where
1

M=) H2(2) = 4082581 (1 — 0.0458:—1)

N /
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\Q , x(n) is an order 2 AR process

z(n) —0.1z(n—1) —08z(n—2) =
r(n) +aix(n —1) +ax(n —2) =

v1(n)

v1(n)

Since z(n) is a real valued order two AR process, the Yule-Walker
equations are given by

r(0) (1) —a; | | (1)
r*(1) 7(0) —a2 r*(2)
r(0) r(1) —ay | | (1)
r(1) r(0) —as r(2)
which gives
g, = M) = r2)]
/ r2(0) — r2(1) \
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r(0)r(2) — r*(1)

BRSO
or rearranging the noting r(0) = o>
1 —
\\.A v HI_IQ\M Q..&.
2
a
r(2) = |—az+ 1 +H§ o2

The Yule-Walker equations also stipulate
QNH =7(0) + a17(1) + azr(2)
or rearranging and using the above

2
| HI_IQ\M Q.GH

o2 =1r(0)

N

- 1-—as(14a2)?—a?

2
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Using a; = —0.1, ay = —0.8, and 02, = 0.27, we have
(0) 5 1+ as o2 ) |
T = 0. = 5 ==
Y 1—as(14+a2)? —af
|@H 5
1) = ——0o, =05
\\.A v H I_IQ\M Qu.&.
Thus ) i
105
Ry =
0.5 1
and
1 0.5 0.1 O 1.1 0.5
R, =Ry + Ry, = i —
0.5 1 0 0.1 0.0 1.1
/Wmom: that the Wiener solution is wg = R~ 1p. \
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h hus we must still determine

/ —0.9458 E{va(n)x(n — 1)}

| dmen)
= F
P i d(n)u(n — 1) |
Recall 5
X(2) = Ha2)D(z) = 7 o.@mm%L
x(n) —0.9458zx(n — 1) = d(n)
and
u(n) = z(n) + v2(n)
Thus
E{u(n)d(n)} = FE{[z(n)+ va(n)]lx(n)—0.9458z(n — 1)]}
= FE{z*(n)} + E{z(n)v

o(n)} — 0.9458 E{zx(n)x(n — 1)}

/
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\ = 024 0—0.94587(1) — 0 /

1
= 1-0.94 —
0.9458 5
= 0.5272
Similarly,
E{u(n—1)d(n)} = FE{lz(n—1)+ve(n—1)][z(n)—0.9458x(n — 1)]}
— (1) — 0.94587(0)
= —0.4458
Thus _ .
0.5272
p =
—0.4458
and

Department of Electrical and Computer Engineering  University of Delaware NN_.



ELEG-636:

Statistical Signal Processing

N

1.1 0.5
0.5 1.1

0.8360
—0.7853

0.5272
—0.4458
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