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Upper bound on fill-in

Theorem (George and Ng, Gilbert and Ng )

If the matrix A is strong Hall, R is an upper bound on the nonzero
pattern of U. More precisely, ujj can be nonzero if and only if

rij # 0.

Theorem (Gilbert and Ng )

If the matrix A is strong Hall, and assuming 355(_1] # 0 for all k,
the Householder matrix V' is an upper bound on the nonzero
pattern of L obtained with partial pivoting. More precisely, lj can
be nonzero if and only if vjj # 0.



Left-looking LU

L1y Unn w2 Uss Al a2 Az
h1 1 up W3 | = | ax ax» ax
L31 ho L33 Uss A3r a3 Asz

e [11u12 = a12: a triangular system, solve for uip
e hiuip + uxp = ap, solve for pivot entry upo

o 31112 + Bouxy = asp, solve for 3o



L1z X1
L31 0o / X3
® U2 = X1
® Uy = X2

o o = x3/um

Left-looking LU

a12

= ano

as2



Left-looking LU

function [L,U,P] = lu_left (4)
n = size (A,1) ;

P = eye (n) ;

L = zeros (n) ;

U = zeros (n) ;

for k = 1:n
x = [ L(:,1:k-1) [ zeros(k-1,n-k+1) ; eye(n-k+1) 11 \ (P * A (:,k);
U (1:k-1,k) = x (1:k-1) ; % the column of U
[a i] = max (abs (x (k:n))) ; % find the pivot row i
i=1+k-1;
L ([1 k],:) =L ([k i], :) ; % swap rows i and k of L, P, ar
P ([i k],:) =P ([k il, :) ;
x ([1 k1) = x ([k i]) ;
U (k,k) = x (k) ;
L (k,k) =1 ;
L (k+1:n,k) = x (k+1:n) / x (k) ; ' divide the pivot column by Ul

end



csn *cs_lu (const cs *A, const css *S, double tol)

{

cs *xL, *U ;

csn *N ;

double pivot, *Lx, *Ux, *x, a, t ;

int #*Lp, *Li, #Up, *Ui, #*pinv, *xi, *q, n, ipiv, k, top, p, i, col,

if (r¢cs_csc (A) || 'S) return (NULL) ; /* check inputs */
n = A->n ;

q = S->q ; lnz = S->Inz ; unz = S->unz ;

x = cs_malloc (n, sizeof (double)) ; /* get double works
xi = cs_malloc (2*n, sizeof (int)) ; /* get int workspac
N = cs_calloc (1, sizeof (csn)) ; /* allocate result
if ('x || 'xi || 'N) return (cs_ndone (N, NULL, xi, x, 0)) ;

N->L = L = cs_spalloc (n, n, 1lnz, 1, 0) ; /* allocate result
N->U = U = cs_spalloc (n, n, unz, 1, 0) ; /* allocate result
N->pinv = pinv = cs_malloc (n, sizeof (int)) ; /* allocate result
if (IL || 'U || !pinv) return (cs_ndone (N, NULL, xi, x, 0)) ;

Lp = L->p ; Up = U->p ;
for (1 =0 ; i<n; i++) x [i] = 0 ; /* clear workspace



for
for
1nz
for

(1=0; 1i<mn; i++) pinv [i] = -1 ; /* no rows pivotal yet

(k=0 ; k<=n ; kt+) Lp [k] = 0 ; /* no cols of L yet */
=unz = 0 ;

(k=0 ; k<n ; k++t) /* compute L(:,k) and U(:,k) */

/* ——-- Triangular solve ——————— === == — oo
Lp [k] = 1nz ; /* L(:,k) starts here */

Up [k] = unz ; /* U(:,k) starts here */

if ((Inz + n > L->nzmax && !cs_sprealloc (L, 2*L->nzmax + n)) ||
(unz + n > U->nzmax && !cs_sprealloc (U, 2*U->nzmax + n)))

{
return (cs_ndone (N, NULL, xi, x, 0)) ;

}

Li =L->i ; Lx =L->x ; Ui = U->i ; Ux = U->x ;

col = q 7 (q [k]) : &k ;

top = cs_spsolve (L, A, col, xi, x, pinv, 1) ; /* x = L\A(:,col) *



/* === Find pivot ————————— == —

ipiv = -1 ;
a=-1;
for (p = top ; p < n ; pt+)
{
i=xi [p] ; /* x(1) is nonzero */
if (pinv [i] < 0) /* row i is not yet pivotal */
{
if ((t = fabs (x [i])) > a)
{
a=1t; /* largest pivot candidate so far */
ipiv = i ;
}
T
else /% x(i) is the entry U(pinv[i],k) */
{
Ui [unz] = pinv [i] ;
Ux [unz++] = x [i] ;
}
}
if (ipiv == -1 || a <= 0) return (cs_ndone (N, NULL, xi, x, 0)) ;

if (pinv [col] < 0 && fabs (x [col]) >= axtol) ipiv = col ;



/* ——- Divide by pivot —---—--—---

pivot = x [ipiv] ; /*
Ui [unz] =k ; /*
Ux [unz++] = pivot ;

pinv [ipiv] =k ; /*
Li [1nz] = ipiv ; /*

Lx [lnz++] = 1 ;
for (p = top ; p < n ; ptt) /*
{

the chosen pivot */
last entry in U(:,k) is U(k,k) */

ipiv is the kth pivot row */
first entry in L(:,k) is L(k,k) = 1 */

L(k+1:n,k) = x / pivot */

i=xi [p] ;
if (pinv [i] < 0) /* x(i) is an entry in L(:,k) */
{
Li [Inz] =1 ; /* save unpermuted row in L */
Lx [lnz++] = x [i] / pivot ; /* scale pivot column */
}
x [i] = 0 ; /* x [0..n-1] = 0 for next k */



}

/* ——— Finalize L and U —=—=———=—————m e e

Lp [n] = 1nz ;
Up [n] = unz ;

Li = L->1 ; /* fix row indices of L for final ¢
for (p =0 ; p < 1nz ; pt+) Li [p] = pinv [Li [pl] ;
cs_sprealloc (L, 0) ; /* remove extra space from L and U

cs_sprealloc (U, 0) ;

return (cs_ndone (N, NULL, xi, x, 1)) ; /* success */



