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Chapter 3: Solving triangular systems



Dense right-hand side

• 2-by-2 block matrix:[
l11 0
l21 L22

] [
x1
x2

]
=

[
b1

b2

]
• L22 is (n − 1)-by-(n − 1)

• l21, x2, and b2 are columns of length n − 1

• l11, x1, and b1 are scalars

• Leads to two equations:
(1) l11x1 = b1

(2) l21x1 + L22x2 = b2

• Solve (1), then recursively solve (2): L22x2 = b2 − l21x1



Dense right-hand side

x = b
for j = 0 to n − 1 do

xj = xj/ljj
for each i > j for which lij 6= 0 do

xi = xi − lijxj



Solving LTx = b

[
l11 lT21
0 LT

22

] [
x1
x2

]
=

[
b1

b2

]



Solving Ux = b

[
U11 u12

0 u22

] [
x1
x2

]
=

[
b1

b2

]



Solving UTx = b



Lx = b: sparse right-hand side

• Assume that L has a unit diagonal.

x = b
for j = 0 to n − 1 do

if xj 6= 0
for each i > j for which lij 6= 0 do

xi = xi − lijxj

• Problem: time O(n + |b|+ f ), where f = flop count.



Lx = b: sparse right-hand side

• A better method: know the pattern of x before-hand.

• Let X = {j | xj 6= 0}.

x = b
for each j ∈ X do

for each i > j for which lij 6= 0 do
xi = xi − lijxj

• time O(|b|+ f ), but how do we find X ?



Lx = b: finding X

• bi 6= 0⇒ xi 6= 0

• xj 6= 0 ∧ ∃i(lij 6= 0)⇒ xi 6= 0

Theorem (3.1)

Define the directed graph GL = (V ,E ) with nodes V = {1 . . . n}
and edges E = {(j , i) | lij 6= 0}. Let ReachL(i) denote the set of
nodes reachable from node i via paths in GL, and let Reach(B), for
a set B, be the set of all nodes reachable from any node in B. The
nonzero pattern X = {j | xj 6= 0} of the solution x to the sparse
linear system Lx = b is given by X = ReachL(B), where
B = {i | bi 6= 0}, assuming no numerical cancellation.



Lx = b: finding X



Lx = b: finding X

function X = reach (L, B)
assume all nodes are unmarked
for each i for which bi 6= 0 do

if node i is unmarked
dfs (i)

function dfs (j)
mark node j
for each i for which lij 6= 0 do

if node i is unmarked
dfs (i)

push j onto stack for X



Lx = b: finding X recursively



Lx = b: finding X non-recursively








