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Power of Randomized Algorithms

Decision Problems and Formal Languages
We will now define a few complexity classes that are used to
characterize efficient randomized algorithms.

The complexity classes are defined in terms of decision problems.

The set of inputs of 'yes' instances to the decision problem
corresponds to a language L < {0, 1}*.

Thus, each decision problem corresponds to a formal language.
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Common Deterministic Complexity Classes

J
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The Class P of Deterministic Polynomial Time DP

Definition
The class P consists of all languages L that do have a
polynomial-time algorithm A such that

@ x € L implies A(x) accepts,

@ x ¢ L implies A(x) rejects.
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The Class P of Deterministic Polynomial Time DP

Definition
The class P consists of all languages L that do have a
polynomial-time algorithm A such that

@ x € L implies A(x) accepts,
@ x ¢ L implies A(x) rejects.

Remark
The two conditions imply
@ x € L implies Pr[A(x) accepts| =1,
Q@ x ¢ L implies Pr[A(x) rejects] = 1.
We are going to relax these conditions for the classes RP, co-RP, and BPP.
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The Class NP of Nondeterministic Polynomial Time DP

Definition

A language L is in NP if and only if there exists a polynomial p(x)
and an polynomial-time algorithm A such that for every input

x € {0,1}*, we have

x € L if and only if 3w € {0, 1}**V[A(x, w) accepts]

A string w such that A(x, w) accepts is called a certificate, a
proof, or a witness.

We may consider w as a concise proof of the fact that x € L. This
proof can be verified by A.



Complements

Definition
Given a decision problem L, its complement is the same problem
with the yes and no answers reversed.

Example
Suppose that L is the language of squares

L=1{0,1,4,9,16,25,...}.
Then the complement of L is given by the set of non-squares

[ =1{2,3,56,7,8,10,...}.
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The Class co-NP

Definition

co-NP = {L: L e NP}

Example

The language UNSAT of unsatisfiable boolean formulas is in co—NP.)
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The Class co-NP

Definition
co-NP = {L: L e NP}
Example
The language UNSAT of unsatisfiable boolean formulas is in co-NP.

Careful!
Need to check all possible witness strings!




The Class co-NP

Definition
A language L is in co-NP if and only if there exists a polynomial
p(x) and an polynomial-time algorithm A such that for every input

x € {0,1}*, we have

x € L if and only if Yw e {0, 1}*\"D[A(x, w) accepts]
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Examples

Example (INDSET)

Given a graph G = (V, E) and a positive integer k, does G have an
independent set of size k7
The independent set problem (INDSET) is in NP.

Example (INDSET)

Given a graph G = (V, E) and a positive integer k, does G have no
independent set of size k7
The co-independent set problem (INDSET ) is in co-NP.

41



The Polynomial Hierarchy PH

The polynomial hierarchy generalizes NP and co-NP. We have Ly = P = [lj.
Definition
We have ¥; = NP. A language L belongs to ¥, iff

x € L if and only if 3w[A(x, w) accepts|

Definition

We have N1; = co-NP. A language L belongs to [ iff

x € L if and only if Yw[A(x, w) accepts]
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The Polynomial Hierarchy PH

Definition
A language L belongs to ¥, iff

x € L if and only if 3wy Ywy[A(x, wy, wy) accepts]

Definition
A language L belongs to [, iff

x € L if and only if Yw;Iw,[A(x, wy, wy) accepts]

The domain of each quantifier is {0, 1}?(*) for some polynomial p.
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The Polynomial Hierarchy PH
Definition
A language L belongs to ¥, iff

x € L if and only if IwgVwy - - - Iwag_1Ywar[A(X, wi, wa, . . ., Wak_1, Wak) accepts]

v

Definition
A language L belongs to ¥ .1 iff

x € Lif and only if IwgVwy - - - Vo Iwag 11 [A(X, wa, o, . . ., Wok, Waky1) accepts]

y

For ¥4, we alternate between 3 and V quantifiers, starting with an 3 quantifier.
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The Polynomial Hierarchy PH
Definition
A language L belongs to M, iff

x € L if and only if YwiIw, - - - Vw1 3wak[A(X, wi, wa, . . ., Wak_1, Wak) accepts]

v

Definition
A language L belongs to Iy, iff

x € L if and only if Ywy3ws - - - Iwo, Vo 11 [A(X, wa, Wa, . . ., Wok, Waky1) accepts]

y

For Ny, we alternate between V and 3 quantifiers, starting with a V quantifier.

13 /41



Example

Example (MAX-INDSET)
The language

MAX-INDSET = {(G, k) | the max. indep. set of G is of size k}

does not seem to be contained in NP or co-NP. However, we have
MAX-INDSET in X, since (G, k) is in MAX-INDSET if and only if

there exists a set S of k vertices, such that
for all sets T containing more than k vertices,
S is an independent set and
T is not an independent set.

14 /41



M, = coXy
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M, = coXy \

1S Lhrr, 2k S Myqr, M S pqr, M S Mg
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Basic Properties

Proposition
MM, = coxy
Proposition
1S Lhr1, 2k S Miqr, M S pyr, T S Ty
Proposition

¥,,M, < PSPACE
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The Polynomial Hierarchy

23 I_I3
2, [,
Y1 = NP M; = co-NP
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Oracles

We can also formulate the polynomial hierarchy with the help of

oracles.
P if k=0
Yy, — ’
) {NPZ“ if k> 0.

In other words, we have

Definition

Yo =P, ¥ = NP, Y, = NP"P ¥, — NpNPYT
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The Class PSPACE of Polynomial-Space Bounded DP

Definition
The class of all decision problems that can be solved using a
polynomial amount of space.

Proposition

PH < PSPACE.
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Randomized Complexity Classes

e




Polynomial Time Randomized Algorithms

The run-time of a randomized algorithm can vary for each run, even
when the input stays the same. So how do we define running time?

Definition
For a randomized algorithm A, we say that A runs in time

t:N— N

if and only if A takes at most t(|s|) steps on every input s and
every sequence of random coin tosses.
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The Class RP of Randomized Polynomial Time DP

Definition
Let £ be a constant in the range 0 < e < 1/2.
The class RP consists of all languages L that do have a
polynomial-time randomized algorithm A such that
@ x € L implies Pr[A(x) accepts] > 1 — ¢,
@ x ¢ L implies Pr[A(x) rejects] = 1.

One-Sided Error
Randomized algorithms in RP may err on 'yes' instances, but not
on 'no’ instances.
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Reducing the Probability of Error

We can decrease the probability of error of our one-sided error
algorithm A as follows.

Given an input x, run A(x) k-times and return 'yes' if one of the k
runs returned yes.

The error probability of the new algorithm is at most 2.
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Relations to Deterministic Complexity Classes

Proposition

P < RP.

This is clear from the definitions.
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Relations to Deterministic Complexity Classes

Proposition

RP < NP.

Proof.
If L belongs to RP, then for x in L there exists a sequence r of coin

flips such that A(x, r) accepts. We can use the sequence r as a
witness for L € NP, []
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RP < NP?

26 /41



The Class co-RP of Randomized Polynomial Time DP
Definition
Let € be a constant in the range 0 < e < 1/2.
The class co-RP consists of all languages L whose complement L is
in RP. In other words, L is in co-RP if and only if there exists a
polynomial-time randomized algorithm A such that
@ x € L implies Pr[A(x) accepts] = 1,
@ x ¢ L implies Pr[A(x) rejects] > 1 —¢.

One-Sided Error
Randomized algorithms in co-RP may err on 'no’ instances, but
not on 'yes' instances.
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Error Reduction

By repeating a co-RP algorithm k times, we can reduce the error
probability £ to 27 or less.
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The Class BPP of Bounded-Error Probabilistic Polynomial Time DP

Definition
Let € be a constant in the range 0 < ¢ < 1/2.
The class BPP consists of all languages L such that there exists a
polynomial-time randomized algorithm A such that
@ x € L implies Pr[A(x) accepts] > 1 — ¢,
@ x ¢ L implies Pr[A(x) rejects] > 1 —¢.
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Containments

Proposition
We have
RP < BPP
and
co-RP < BPP.

This follows from the definitions and error reduction.
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BPP c PSPACE. I

31/41



P < BPP. I
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P < BPP. I

P - BPP?
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Relationship Between NP and BPP

Proposition (Ko)
If NP < BPP, then NP = RP.

33 /41



Relationship Between NP and BPP

Proposition
If NP < BPP, then PH = BPP.
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BPP and the Polynomial Hierarchy

Proposition

BPP c >, nTl,.
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The Class ZPP of Zero-Error Probabilistic Polynomial Time DP

Definition
The class ZPP consists of all languages L such that there exists a
randomized algorithm A that always decides L correctly and runs in

expected polynomial time.
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ZPP and its relation to RP and co-RP

Proposition

ZPP = RP n co-RP.
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(ZPP < RP n co-RP)

Proof.

Suppose that L € ZPP. There exists Las Vegas algorithm A to decide in
expected polynomial-time whether an input x belongs to L.

Algorithm for RP:

Run the algorithm A on input x for twice the expected running time steps. If A
returned an answer, give that answer. Otherwise return 'no’.

By Markov's Inequality, the probability that it will yield an answer before we stop
it is at least 1/2. This means the probability that the algorithm will give a wrong
answer on a yes instance is at most 1/2.

Algorithm for co-RP:
The co-RP algorithm is identical, except that we return 'yes' if A does not return
an answer.

Thus ZPP < RP n co-RP.
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(ZPP 2 RP n co-RP)

Proof. (Continued)
Suppose that the language L belongs to RP n co-RP.

This means that there exists
@ a polynomial-time randomized algorithm A recognizing L € RP, and
@ a polynomial-time randomized algorithm B recognizing L € co-RP.

Given an input x, do the following:
loop

@ run A(x). return 'yes' if A returns yes.
@ run B(x). return 'no’ if B(x) returns no.
end

If an answer is given, then it is correct.
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(ZPP 2 RP n co-RP)

Proof. (Continued)

Let T denote the worst-case runtime of A(x); B(x), thatis, T
denotes the worst-case runtime of one iteration of the loop. Then
T = p(|x|) for some polynomial p.

The expected running time of the loop is bounded from above by
1
2 T S

Therefore, the expected running time of the loop is polynomial in
the size of the input x. Thus, RP n co-RP < ZPP.
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Overview
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