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Abstract—Write-efficient memories (WEM) [1] were in-
troduced by Ahswede and Zhang as a model for storing
and updating information on a rewritable medium with
constraints. A coding scheme for WEM using recently
proposed polar codes is presented. The coding scheme
achieves rewriting capacity, and the rewriting and decoding
operation can be done in time O(N log N), where N is the
length of the codeword.

I. INTRODUCTION

Write-efficient memories (WEM) are models for stor-
ing and updating information on a rewritable medium
with constraints. WEM is widely used in data stor-
age area: in flash memories, write-once memories
(WOM) [11], and the recently proposed compressed rank
modulation (CRM) [9] are examples of WEM; codes
based on WEM were proposed for phase change memo-
ries [8]. The recently proposed scheme, that polar codes
are constructed for WOM codes achieving capacity [3],
motivates us to construct codes for WEM.

A. WEM with a maximal rewriting cost constraint

Let X = {0,1,...,q — 1} be the storage alpha-
bet. R4 = [0,400), and ¢ : X x X — Ry is
the rewriting cost function. Suppose that a memory
consists of N cells. Given one cell state, :z:év -1 def
(xg,T1,...,2x_1) € XN, and another cell state, yévfl €

XN, the rewriting cost of changing xév -1

N-1
olay oy T = 20 o(zi,i)-

Let M € N, and D = {0,1,..., M — 1}. Define the
decoding function, D : XNV — D, ie., D(xévfl) = 1.
Given the current cell state xév —1 and data to rewrite, 7
the rewriting function is defined as R : XV x D — AN

such that D(R(z} %, §)) = j.

Definition 1. [5] An (N, M,q,d) WEM code is a
collection of subsets, C = {C; : i € D}, where C; C XN,
and Vz)' ™' € C; D(x)'"!) =i, such that
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o V4, Vit € ¢, )t = R(z) 71, j) such that
p(zg yo ) < Nd.

The rewriting rate of an (N, M,q,d) WEM code
is R = 2%2M 4nd the rewriting capacity function,
R(q,d), is the largest d-admissible rate when N — oo.

Let P(X x X) be the set of joint probability distri-
butions over & x X. For a pair of random variables
(X,Y) € (X, X), let Pxy denote the joint probability
distribution, Py denotes the marginal distribution, and
Py |x denotes the conditional probability distribution.
E(-) denotes the expectation operator. If X is uniformly
distributed over {0,1,...,¢ — 1}, denote it as X ~ U(q).

Let P(q,d) = {PXY € P(X X X) Px =
Py ,E(o(X,Y)) < d}. R(q,d) is determined as [S]:

R(q,d) = max H(Y|X).
Pxy €P(q,d)
For WOM codes, the cell state can only increase but

not decrease. WOM codes are special cases of WEM
codes: for a WOM cell if we update it from z € X to
y € X, the cost is measured by ¢(z,y) = 0if y > z, and
oo otherwise. Therefore, WOM codes are such WEM
codes with ¢(-) defined previously, and d is equal to 0.

In this paper, we focus on symmetric rewriting capac-

ity function R*(q,d):
Definition 2. For XY € X with Px, Py and Pxy, and

XXX = Ry, R%(q,d) = max H(Y|X),
@ + R%(q,d) N YX)
where P*(q,d) & {Pxy € P(X x X) : Py =

Py, X ~Ulq), E(p(X,Y)) < d}.
We present an example of WEM with R*(q, d) below.

Sygm is the set of (;nlfq)! permutations  over
m m
,—/A A .
{1,1,...,1,...,9,q,...,q}. We abuse the notation of
“1d
ud™ ! ef [to, U1y .oy Ugm—1] to denote an element of

Sy,m, which denotes the mapping ¢ — u;.

Example 3. A rewriting code for CRM with a maximal
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rewriting cost constraint, (g, m,M,d), is defined by
replacing X by S, ., ¢(-) by Chebyshev distance
between ul™ ' 0l € Sy, doo(ud™ T 03T def

max |uj —vj| , and Nd by d in definition 1.
JE{07177qm_1}
The above rewriting code is actually an instance of

WEM: for z,y € X, let p(z,y) = 0 if |z — y| < d,
and oo otherwise. Now the (¢, m,M,d) CRM is an
(gqm, M, q,0) WEM with XN replaced by S, .., and
©() is defined previously.

B. WEM with an average rewriting cost constraint
With deterministic D(z) ') and R(x{'",4), sup-
pose that message sequences My, Moy, ..., M; (t — o0)
are written into the memory medium, where M; € D
is uniformly distributed, represented by =2’ ~'(i), and it
forms a markov chain. Its transition probability matrix
/j(yév_1|$é\f_1)yN—l’$(J)\f—lexN is given by

0

No1 N1 )3y if 3 styy =Rz i),
wyy ey ) = .
0 otherwise.

Denote the stationary distribution of ' ~! by 7(z) ).

The average rewriting cost D is determined as follows:

D — nmizmmxév-l(w,xév—l(w1>)>,

= D ey ™)y Dilag ™, M

where Dj(a:N ~1) is the average rewriting cost of updat-
ing from ~1 to data j.

Definition 4. An (N, M, q,d).,e WEM code is a col-
lection of subsets, C = {C; : i € D}, where C; C XV,
and Yz 7t € C; D(2) 1) =i, such that

o Vi#4,C;NC; =0 ~

o The average rewriting cost D < d.

The rewriting rate of an (N, M, q,d)q. code is
Rave = I‘Jg#M, and its rewriting capacity function,
Rave(q,d), is the largest d-admissible rate when N —
oo. It is proved that Rq.c(q,d) = R(q,d) [1]. Similarly,
we focus on the symmetric rewriting capacity function,

R ,e(q,d), as defined in definition 2.

ave

C. The outline

The connection between rate-distortion theorem and
rewriting capacity theorem is presented in section II;

The binary polar WEM codes with an average rewriting
cost constraint and a maximal rewriting cost constraint
are presented in subsection A and B of section III,
respectively; The g-ary polar WEM codes, based on the
recently proposed g-ary polar codes [10], are presented
in subsection A and B of section IV for an average
rewriting cost constraint and a maximal rewriting cost
constraint, respectively; The conclusion is obtained in
section V.

II. LOSSY SOURCE CODING AND ITS DUALITY WITH
WEM

In this section, we present briefly background of lossy
source coding and its duality with WEM, which inspires
code constructions for WEM.

Let X also denote the variable space, and )’ denotes
the reconstruction space. Let d Y x X — Ry
denote the distortion function, and the distortion among

a vector ' "' and its reconstructed vector yj ! is

N—-1
Ay Ly =% ;) d(xi, i)

A (¢NE N) rate distortion code consists of a en-
coding function fy XN = {0,1,...,¢V — 1}
and a reproduction function gy {0,1,....,¢NE —
1} — YN, The associated distortion is defined
as E(d(XY 1 gn(fn(XY7Y)))), where the expecta-
tion is with respect to the probability distribution on
XN. R(q,D) is the infimum of rates R such that
Ed(X) 1 gn(fn(X7Y))) is at most D as N — oo.

Let P(q,D) Y {Pxy € P(X x V) : B(d(X,Y)) <

D}, and R(q,D)is min I(X;Y) [4].
Pxy €P(q,D)
We focus on the double symmetric rate-distortion

for (X,Y) € (X x X), and d(z,y), R°(q,D),

which is R*(¢q,D) = min  I(Y;X), where
Pxy€P#(q,D)

P5(¢.D) @ {Pyy € P(X x X) : Py = Py, X ~

Ulq), E(d(X,Y)) < D}.

The duality between R®(q, D) and R*(q, D) is cap-
tured by the following lemma, the proof of which is
ommited due to being straightforward.

Lemma 5. With the same d(-) and ¢(+),
RS(Qa D) +RS(Q7D) = 10g2 q. (2)
III. POLAR CODES ARE OPTIMAL FOR BINARY WEM

Inspired by lemma 5, we show that polar codes can be
used to construct binary WEM codes with R*(2, D) in
a way related to the code construction for lossy source
coding of [7] in this section.
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A. A code construction for binary WEM with an average
rewriting cost constraint

1) Background on polar codes [2]: Let W : {0,1} —
Y be a binary-input discrete memoryless channel for
some output alphabet ). Let I(1V) € [0,1] denote the
mutual information between the input and output of W
with a uniform distribution on the input. Let G denote
n-th Kronecker product of ( ) Let the Bhattacharyya

parameter Z (W Z \/WY|X y[0)Wy | x (y[1).

The polar code, CN(F up), VF C {0,1,...., N — 1},
up denotes the subvector w; : ¢« € F, and up €
{0,1}1F1, is 2 linear code given by Cn(F,up) =
{7 = w)l'GN : upe € {0,1}1F°1}. The polar
code ensemble, Cy(F), VF C {0,1,..,N — 1}, is
CN(F) = {CN(F, uF),VuF € {0,1}|F|}.

The secret of polar codes achieving I(W) lies
in how to select F: define WJ(\;) {0,1} —

x {0,1}* as sub-channel i with input w;,
output (y5' "', ul') and transition probabilities
WO ) Y e P W .

7,+1
T Wl G

and (uo e ~); denotes the i-th element of uo “1GN:
The fraction of {WJ(\, } that are approaching noiseless,

ie., Z(W](\,i)) < 2=N? for 0 < B < %, approaches

I(W); The F is chozen as indecies with large Z (W](\;))
that is < {i € {0,1..,N =1} : zW ) > 2=V}
for g <1/2.

The encoding is done by a linear transformation, and
the decoding is done by successive cancellation (SC).

2) Polar codes on lossy source coding: We sketch
the binary polar code construction for lossy source
coding [7] as follows.

Note that R*(2, D) can be obtained through the fol-
lowing optimization function:

u

where W (y) 1 u) =) =

min I(Y‘X)
st Z P(y|lx) = Z %P (x|ly) = =
ZZ P(y|a)d(y, ) < D. (3)

Let P*(y|x) be the probabihty distribution minimizing
the objective function of (3). P*(y|x) plays the role of a
channel. By convention, we call P*(y|z) as test channel,
and denote it as W (y|z).

Now, we construct the source code with R*(2, D)
using the polar code for W (y|z), and denote the rate of

the source code by R: set ' as N(1 — R) sub-channels
with the highest Z (WJ(\P), set F'° as the remaining N R
sub-channels, and set ur to an arbitrary value.

A source codeword yN ! 1s mapped to a codeword
) ~! € Cn(F,up),and 2 ~! is described by the index
upe = (x) T G pe.

The reproduction process is done as follows: we do
SC encoding scheme, @ ' = U(y)Y =1, ur), that is for
each k in the range O till N — 1:

1) If kK € F, set t = ug;

2) Else, set = m with the posterior
P(mlig ' yp ).
Yo

The reproduction codeword is @) ' Gy.

Thus, the average distortion Dy (F,ur) (over the
source codeword y'~! and the encoder randomness for
the code Cn (F,up)) is :

> PO T Plalag ™ ud™)
A

Upec 1€EFC

dlyg 'ty ' Gw),

where up = up.

The expectation of Dy (F,up) over the uniform
choice of up, Dy (F), is DN(F) =Y 55 Dn(F, up).
Let Q-1 yv-1 denote the distribution defined by
QYUNfl(y(])Vil) = P(y(])\ffl)’ and QUéV—1|YON—1 by

1 . .
N—1 5 if i € F,
U; u y - .
Quilug vy ) = { P(ug|uy yév 1), otherwise.
Thus, Dy (F) is equivalent to Eq(d(yy ~*,ud ~*Gx)),

where E¢(-) denotes the expectation with respect to the
distribution QUéV—l’YON—l.

It is proved that Dy (F) < D+0(2~N") for 0 < <
%, the rate of the above scheme is R = % and polar
codes achieve the rate-distortion bound by Theorem 3
of [7].

On the other hand, Theorem 2 of [3] further states the
strong converse result of the rate distortion theory. More
precisely, if y' " is uniformly distributed over {0, 1}V,
then Vo > 0, 0 < 8 < %, N sufficiently large, and
with the above SC encodmg process and the induced @),
Q( ( and T > D+ 6) < 27 N”_ That is, for

1\9 1 the above reproduction process obtains iL'éV 1 -

1G «~ such that the distortion d(z ~*, 4 1) is less
than D almost by sure.

3) The code construction: We focus on the code con-
struction with symmetric rewriting cost function, which
satisfies Vo, y,2 € {0,1},0(x,y) = o(z + 2,y + 2),
where + is over GF(2).
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To construct codes for WEM with R*(2, D), we
utilize its related form R*(2,D) in (2) and the test
channel W (y|z) for R*(2, D). Note that W (y|z) is a
binary symmetric channel.

The code construction for (N, M,2, D),ye With rate
‘R is presented in Algorithm III.1:

Algorithm  IIL1 A
(N,M,2,D)4,c WEM
1: Set F' as NR sub-channels with the highest
Z(WJ(\;)), and set F'° as the remaining N(1 — R)
sub-channels.
2: The (N,M,2,D)upe code is C = {C; : C; =
Cn(F,up(i))}, where up (i) is the binary represen-
tation form of i for i € {0,1,...., M — 1}.

code  construction  for

Clearly, since Gy is of full rank [2], Vup (i) # up(j),
Cn(F,up(i)) NCn(F,ur(f)) = 0.

The rewriting operation and the decoding operation
are defined in Algorithm III.2 and Algorithm IIL.3,

respectively, where the dither gév g inspired by [3].

Algorithm III.2 The rewriting operation yév 1=

N-1 .
R(zy 7, 1).
1: Let vy ' =20 "'+ go "', where g}’ ! is known

both to the decoding function and to the rewriting

function, it is chosen such that vév 1 s uniformly
distributed over {0, 1}¥, and + is over GF(2).

2: SC encoding v)'~!, and this results u) ' =
U(vy ™' up (i) and g5~ = ug G

By t=gp g

Algorithm IIL3 The decoding operation up(i) =

N-1
D(zy 7).
1: y(J)V—l = :Cévil +gév71.

2 up(i) = (yy 'Gy)r.

Lemma 6. D(R(y'~',4)) = i holds for each rewriting.

Proof: From the rewriting operation,
v L= g0 g o= u Gy gy =
Uy " up(i))Gn + gy . from the decoding

function U (v) ™!, up(i))Gn + g5 ' + g5' ", which is

U(w) ', up(i))Gy, thus the decoding result is 7. M
4) The average rewriting cost analysis:
From yé\’jl = Rz} '), we know that
o= Uy up(@)Gr + g0t = Ulag ™ +

Y
ggv_l,uF(i))GN + Q(J)V_l, thus @(33(])\[_179(])\[_1) is

gp(azév_l, U(xé\'_l +Agév_1,uF(z'))GN + gé\’_l), which

is p(x gl T U@ T gl T up(4)G) due to

©(+) being symmetric. Denote w)’ ! = '~ 4+ gV 71,

thus @(zg' g0 ) = p(wy ™ Uwg " up(i)Gr).
The average rewriting cost D

t

~ lim ]@;Ew(ﬁl(i),mﬁlm ),

= b LS By
t—oo Nt pt
U(wy ™" up(Mi11))Gn)),

= Y A Diwd . 4)
wy j

Let us focus on D;(w) ™'), which is the average
(in this case, over the probability of rewriting to data
7 and the randomness of the encoder) rewriting cost
of updating wé\' ~! to a codeword representing j. Thus
Dj(wy ) =

o 0 T Pl ™,

upc 1€

wy M) p(wd !

s uév_lGN) .
Therefore, interpreting () as d(-), D is actually the

average distortion over the ensemble Cn (F), Dy (F).
The following lemma from [7] is to bound D:

Lemma 7. [7] Let 8 < % be a constant and let o =

ﬁQ‘N ”. When the polar code for the source code with

R*(2, D) is constructed with F":
F={ic{0,1,..N—1}: ZW{) >1-25%},

then Dy (F) < D + 0(2*NB), where D is the average
rewriting cost constraint.

Therefore, with t}le same (3, oy, F, and polar code

ensemble Cn(F), D < D + 0(2*_NB).
According to [2], lim {Ein
N=2" n—oo

) 7 _onp
po e (0.1, Ny ZWy) <272
N—o0 N

= I(W)=R(2D),

thus this implies that for NV sufficiently large 3 a set F’
such that % > R*(2,D) — €, Ye > 0. In other words,
the rate of the constructed WEM code, R = % =
F1 < R*(2,D) + e

The complexity of the decoding and the rewriting
operation is of the order O(N log N) according to [2].

We conclude the theoretical performance of the above
polar WEM code as follows:
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Theorem 8. For a binary symmetric rewriting cost
function ¢ : X x X — R. Fix a rewriting cost D and
0 < B < 3. For any rate R < R%(2, D), there exists
a sequence of polar WEM codes of length /N and rate
R < R, so that under the above rewriting operation, D
satisfies D < D+O(2*NB). The decoding and rewriting
operation complexity of the codes is O(N log N).

B. A code construction for binary WEM with a maximal
rewriting cost constraint

The code construction, the rewriting operation and the
decoding operation are exactly the same as Algorithm
III.1, Algorithm III.2, and Algorithm III.3, respectively.

The rewriting capacity is guaranteed by Lemma 5, the
decoding and rewriting operation complexity is the same
as polar codes, and the rewriting cost is obtained due to
the strong converse result of rate distortion theory, i.e.,
Theorem 2 of [3]. Thus, we have:

Theorem 9. For a binary symmetric rewriting cost
function ¢ : X x X — R,. Fix a rewriting cost D,
0,and 0 < B < % For any rate R < R°(2,D), there
exists a sequence of polar WEM codes of length NV and
rate R < R, so that under the above rewriting operation
and the induced probability distribution Q, the rewriting
cost between a current codeword Vy B and its updated
codeword x)) ~* satisfies Q(p(y) !, 2 ') > D+6) <
2-N" The decoding and rewriting operatlon complexity
of the codes is O(N log N).

IV. POLAR CODES ARE OPTIMAL FOR g-ARY WEM,
q=2"
In this section, we extend the previous binary scheme

to g-ary WEM (g = 27), considering the length of polar
codes, which is N = 2".

A. A code construction for q-ary WEM with an average
rewriting cost constraint, ¢ = 2"

1) Background of q-ary polar codes, ¢ = 2" [10]:
The storage alphabet is X, |X| = ¢, and for x € X,
(zo,21,...,Tr—1) is its binary representation. Let W :
X — y be a discrete memoryless channel. I(W) is
> X W(y[:ﬁ) log, M
vex ey > Wyle')

The sub channel i, W](\;), is defined by

i _ i— def _ _
W o e ) e 2 W g ),
1.+1

H W (s (ug

z’'ex

where W (y¥ ~|ud 1) = =

=0
Consider  the followmg bit
its Bhattacharyya: Fix &k

S
W) = 4 >
Ty =u

'GN)i).
channel  and

{0,1,...,7}, and

W(y|z), where

y € V,u € {0, 1}”"2 and z = (29,21, ..., Tr—1) € X}
Define Z(W{M/}) = Z \/W(y]x)W(y]x’), let

2i Z Z(Wia, wﬂ}) for v € X\{0}, and
Z Z

'UEX
={veX:i=arg In<ax vj # 0} with the binary

Zy(W) =

Z; (W) = W), where i = 0,1,...,7 — 1, and

representation of v, (U(),Ul, ey Up—1)-

Z; (W) Vi e {0,1,....,r—1} and j € {0,1,..., N —
1} converges to Z; »o € {0,1}, and with probability
one (Zo,00; 21,005 -, Lr—1,00) takes one of the values
(Zowo =1, e Zictooo = 1, Ziooo = 0, e, Zp—1.00 = 0)
Vk=0,1,...,r — 1, i.e., Theorem 1.b of [10]. j € Ay,
it (ZoW'), 21 (W), s 2o W) € Rafe),

where Ry (e) < (ﬁ D1) x (H Do), Dy = [0,¢).

Dy =(1—¢1]. The channel polarlzes in the sense that

|k n|
SN — I(W) as N — oo.
For uév - € XN, we also represent
it by its binary form, that is uév -1 =
(Ul(o,o),---,Ul(o,r—1),---,UI(N—1,0)7--~aUI(N—1,r—1)) €

{0,1}"N,  where Ug(3,0)> > Ur(i,r—1) 18 the binary
representation of u;, € X, and I(i,j) = i X r + j.
Vi € A, n, let the frozen bit set be determined
by FF = {I(i,j) : i« € {0,1,.,.N — 1},5 €
{0,1,...,k; — 1}} € {0,1,...,rN — 1}. Frozen bits for
uév ~1 are defined as ur € {0,1}/"' with the subvector

u; 11 € F.

Finally, the polar code, Cn(F,ur), VF C
{0,1,....¥N — 1} and up € {0,1}/F1] is a linear
code given by Cn(F,up) = {z)/ 7" = v} 'Gy :

Vupe € {0, 1}|Fc‘}. The polar code ensemble, Cn (F),
VE C {0,1,...,rN — 1}, is Cn(F) = {Cn(F,up) :
Vup € {0, 1}1F11.

2) The code construction: We focus on the g-ary
WEM code construction with a symmetric rewriting
cost function, which satisfies Vx,y,z € {0,1,...,q —
1}, ¢(z,y) = p(x + 2,y + 2), where + is over GF(g).

Similar to the binary case, to construct codes for WEM
with R*(q, D), we utilize its related form R*(q, D) in
Lemma 5 and its test channel W (y|z).

The code construction is presented in Algorithm IV.1.

Algorithm IV.1 A code construction for (N, M, q, D) e
WEM
Vi€ Ap. F={I(i,j):i€{0,1,.,N
{0,1, .., k; — 1}}.
2: The (N,M,q,D)qpe code is C = {C; : C; =
Cn(F,up(i))}, where up (i) is the binary represen-
tation form of i for i € {0,1,..., M — 1}.

_1}7j€
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The WEM code rate is R = ﬂ

\Fl

~» and the polar

code rate is R =
R*(¢,D), R approaches R*(q,

The rewriting operation and the decoding operation
are defined in Algorithm IV.2 and Algorithm IV.3, re-
spectively, where the SC encoding is a generalization
of g-ary lossy source coding, and the dither gN Lis

inspired by [3] to make sure the uniform distribution of
N-1
vy .

. Similarly, when R approaches
D) based on Lemma 5.

Algorlthm IV.2 The rewriting operation yN 1 =

R(z)1,4).

I: Let vy ' =2y "'+ go "', where g}’ "' is known

both to the decoding functlon and to the rewriting
function, it is chosen such that UN ! is uniformly
distributed, and + is over GF(q).

2: SC encoding v 71, 4l ™! = U(v) 1, up(i)), that
is for each k in the range O till N — 1:

1

Q= Ju if je A,
! m  with the posterior P(m|a}) ", v 1),

where in the above m = 0,1,...,¢ — 1 and if j €
A for 0 < k < r —1, the first k bits of 4; are

ﬁxed and let yN L= év lGy.
3- yo -1 yo — g(])v ! and — is over GF(q).

Algorithm IV.3 The decoding operation up(i) =

D(z) ).
1: yévjl—xo +gN 1

2: UF( ) ( G )

The correctness of the above rewriting function can
be verified similarly to Lemma 6.

3) The average rewriting cost analysis: Similar to
the analysis of equation (4), we obtain that D =

> () ™) ¥ Dy ).
Wy -t J

In the following, we first focus on D;(wd ~*). Note
that 4}~ = U(v) ™", ur(4)) is random, i.e., the SC
encodlng function may result in different outputs for the

same input. More precisely, in step ¢ of the SC encoding
r—1
process, i € |J Agn, 4 = m with the posterior

k=0
P(m|ayt vl'™h), where if i € Ay, the first k bits of
U; are ﬁxed and known. This implies that the probability

of picking a vector uN 1 with .ATn given vév 1 with

A, is equal to

0 if A, # Arn,
N—-1
e U u , U,
T e P(u] o )
k=0

otherwise,

where in the second case Vi € Ay, the first k bits of
u,; are fixed.

Therefore, the average (in this case, over the proba-
bility of rewriting to data j and the randomness of the
encoder) rewriting cost of updating wév ~! to a codeword
representing j, D (wév b, is

o O

ure ieUpZs Ak,n
N—1 N-—1
¢(w0 GN)7

where up = up(j), upe € {0,1}‘FC|, and the sum-
mation over upe takes care of A, , and the fact that
i € A n, the first k bits of u; are fixed.

Thus, we obtain that D

= 3 wwh )Y Dy,

P(uifug " wy )

wévfl
1
= Z m(wh 1) Z WZ H
w1 ur(5) up i€UpZo Ar,n

P(uilug év l)w(wé\] Lug TG,
qlArn‘ Z H
up’ ZEUL 0 Ak.n
P(uzluZ Lwd Do) 1 ul'Gn).  5)
Let QUN LN denote the distribution defined by
N N-1
Q- 1(w0 ) =m(wy ), and Quy-1 -1 defined

by
1 . .
i1 1 ifie A,
Ui | = .
Quilu )= {P(ul|uZ Vw1  otherwise.
Then, inequation (5) is equivalent to D <
Eq(p(wd ,ul~'Gx)), where Eq(-) denotes the ex-

pectation with respect to the distribution QU§_17W(§V_1.
Similarly, let E'p(-) denote the expectation with respect
to the distribution PUN 1

The following three lemmas are already proved in [7]
for ¢ = 2 and in [6] for primary g, they extend trivially
to ¢ = 2", and we omit their proofs.

N 1.

Lemma 10. S Qi huy ) —
waluN 1
0 70
P(wy " ug ) < 2 ZEP(I* -
ZEArn’U‘z*O

P(uilug™",wg ~H))).
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Lemma 11. Let F be chosen such that for i € A, .,

qg—1
1 - _
> EP(!g = P(uilug ' wg")]) < o

ul-:O

Then, the average rewriting cost is bounded by

1 _ _
NEQ(SD(U)(])V Lug TlG) <
1 _ _
NEP(SD(’LUE])V 1’ U(J)V IGN)) + |Ar,n|dmawUNa

where dax def maXg o(x,y).
Lemma 12. Ep(<p(wév_1,uév_lGN)) = ND.

The following lemma, which is a modification of
Lemma 5 [6], presents that it is sufficient to choose
the set F' as those bits with indexes I(i,j) for which

i €4{0,1,...,N—1},5 € {0,1, ..., k;—1} withi € Ay, ,.
Lemma 13. If € A.n, that s
(ZoWD), o Zea(W)) € Ry(e). and let

en > /€, then
q—1 1 '
> EP(|5 — P(uilugt,wy ) < v2en.
u,L-:O

Proof: By Pinsker’s inequality, for two distribu-
tion functions P and Q defined on X, ||[P — Q|| <
V2D(P||Q), where D(P||Q) is the Kullback-Leibler
divergence between two distributions, that is D(P||Q) =
> log2(ggg)P(i), we obtain that:

qg—1

OEP\% — P(ugfuf wg' ™|

U;=

P Us :l .
TS P Pl wd )

w7
_P(ui‘u%]_l’w(]]V_I)P(uE)_lvw(Z)V_l)L

_ 3 | |P(ug) P(ud w1

—P(Ué, w(])\[71)|a

P(ui, w) 1)
2 § : log, > ifq N_1
wé\Pl ul P(UI)P(UO » Wy )

IA

= 20(W)),
< V2epn,

where the last inequality is based on the conclusion of
Lemma 1 [10], that is if (Zo(W "), ..., Z,_1 (W) €

Ri(e) Vk = 0,1,...,7, then |I(W](\;)) —(r—k)| <~
with v > max(k/e, (2" 7% — 1)elog, e). [

Therefore, the performance of the above polar WEM
code can be concluded as follows:

Theorem 14. For a g-ary (¢ = 2") symmetric rewriting
cost function ¢ : X x X — R . Fix a rewriting cost D
and 0 < 8 < 3. For any rate R < R*(g, D), there exists
a sequence of polar WEM codes of length /N and rate
R <R, so that under the above rewriting operation, D
satisfies D < D+O(2*NB). The decoding and rewriting
operation complexity of the codes is O(N log N).

B. A code construction for q-ary WEM with a maximal
rewriting cost constraint, ¢ = 27

Similarly, the code construction, the rewriting oper-
ation and the decoding operation are exactly the same
as Algorithm IV.1, Algorithm IV.2, and Algorithm IV.3,
respectively. Next, we mainly focus on its performance.

Theorem 15. For a g-ary (¢ = 2") symmetric rewriting
cost function ¢ : X x X — R . Fix a rewriting cost D,
0,and 0 < B < % For any rate R < R*(q, D), there
exists a sequence of polar WEM codes of length NV and
rate R <R, so that under the above rewriting operation
and the induced probability distribution (), the rewriting
cost between a current codeword V'~ and its updated
codeword x)) ~* satisfies Q(p(yd' !, 20 ') > D+6) <
2-N” The decoding and rewriting operation complexity
of the codes is O(N log N).

Proof: We mainly focus on the rewriting cost analy-
sis. The proof of this part is based on the e-strong typical
sequence [4] and Theorem 4 and 5 of [3]. We give the
sketch as follows.

We recall e-strong typical sequences :cév —1x yév e
XN x YN with respect to p(z, y) over X x ), and denote
it by AX™)(X,Y). We denote by C(a,blz) 1,y 1)
the number of occurrences of a,b in z) 'yl !
with the same indexes, and require the follow-
ing. First, Ya,b € X x Y with p(a,b) > 0,
|C(a,blzy =,y 1) /N — p(a, b)| < €. Second, Va,b €
X x Y with p(a,b) =0, C(a,blzy ', y) 1) =0.

In our case y)' ! = u)Y "'Gn. Due to the full rank of

G n, there is a one-to-one correspondence between uév -1

and y)' 7' We say that u) "' 2l 7t € A:(N)(U,X)
if 20w 'Gy e AMY)(X,Y) with respect to

%W(y|m), where W (y|x) is the test channel.

The first conclusion is that for N sufficiently large,
QUMW X)) > 1 -2V for V0o < B < 1,
e > 0, which is a generalization of Theorem 4
of [3], and where Q(A:(N)(U,X)) = QVa,b
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|+ C(a,bluy "GN, 2y ) — %W(a|b)| < ¢). The out-
line is that based on Lemma 10 and Lemma 11 we obtain

that
)

u(l)\ffl,wévfleA:(N)(U,X)
S |Ar,n|UNdmax-
Thus, we obtain

Q(u(])Vila‘rg)Vil) - P(uéVilax(])Vil”

|Q(uéV—1,x(])V—1) - P(uév_lvxév_l)|>

(]

IN

‘Ar,n‘UNdmamu

where in the above u) !,z ! € A:(N)(U,X).

By lower bounding P(A:"™) (U, X)) =1 — P(3a,b :
[N Clablug ~'Gr,zg 1) — TW(alb)| > ¢ >
1 — 2¢2¢=2N< based on Hoeffding’s inequality, and
QA (U, X)) = PAX (U, X)) = | Arnlon dpas,

we obtain the desired result by setting oy = 2~

The second conclusion is that let 4 ~* = R(z)
then V6 > 0, 0 < 8 < % and N sufficiently large,
Qlo(yd a2l ™M/N > D 4 6) < 27NP, which is a

generalization of Theorem 5 of [3]. The outline is that

Qo(zd 'y ") /N > D +9)

< Qo Y/N>D+6
ed ™t wd e AAM (X, Y))

+ Qg iy g AI(X,Y),
< 27N

where the last inequality is based on the conclusion just
obtained Q(z ~*,y) ! ¢ A (X,Y)) <27N8 and
that when /1, yV ! € ArV) (X,Y), for € sufficiently
small and N sufficiently large, p(yd %,z ~')/N <
D +9. [

V. CONCLUSION

Code constructions for WEM using recently proposed
polar codes have been presented. Future work focuses
on exploring error-correcting codes for WEM.
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